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Resumo

Esta dissertação apresenta o desenvolvimento de uma ferramenta computacional para o cál-

culo de taxas de desempenho de linhas aéreas de energia elétrica frente à incidência de descargas

atmosféricas, utilizando uma abordagem probabilística baseada no método Unscented Trans-

form. A proposta desta ferramenta surge como uma alternativa ao método de Monte Carlo,

tradicionalmente empregado neste tipo de análise. Enquanto o método de Monte Carlo depende

da amostragem massiva e aleatória das variáveis de entrada para gerar estimativas confiáveis, a

Unscented Transform possibilita a propagação da incerteza dessas variáveis através dos modelos

numéricos, utilizando um número reduzido de amostras ponderadas, conhecidas como pontos

sigma. Isso torna a Unscented Transform uma alternativa computacionalmente mais eficiente.

A aplicação da Unscented Transform no cálculo das taxas de desempenho é combinada com o

Método dos Momentos para a reconstrução das distribuições de probabilidade das variáveis de

saída. Além disso, são desenvolvidas metodologias para considerar os modelos de disrupção

descritos pelo método da curva Vxt e pelo método do Efeito Disruptivo, assim como para a uti-

lização do modelo Eletrogeométrico. As modelagens e simulações dos transitórios eletromag-

néticos utilizam os softwares ATP e LIGHT-PESTO para linhas de transmissão e distribuição,

respectivamente. Os resultados das metodologias desenvolvidas utilizando a Unscented Trans-

form confirmam a acurácia e eficiência computacional na estimativa de taxas de desempenho

para diferentes configurações de linhas aéreas em comparação ao método de Monte Carlo.

Palavras-chave: Desempenho de linhas de energia frente a descargas atmosféricas, linhas de

transmissão, linhas de distribuição, Monte Carlo, Método dos Momentos, Unscented Trans-

form.
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Abstract

This dissertation presents the development of a computational tool for calculating the light-

ning performance of overhead power lines, using a probabilistic approach based on the Un-

scented Transform method. This tool is proposed as an alternative to the Monte Carlo method,

which is traditionally used in this type of analysis. While the Monte Carlo method relies on

massive and random sampling of input variables to generate reliable estimations, the Unscented

Transform allows for the propagation of uncertainty through numerical models using a reduced

number of weighted samples, known as sigma points. This makes the Unscented Transform a

more computationally ef�cient alternative. The application of the Unscented Transform in cal-

culating the lightning performance is combined with the Method of Moments for reconstructing

the probability distributions of the output variables. Additionally, methodologies are developed

to account for disruption models described by the Vxt curve method and the Disruptive Effect

method, as well as for the use of the Electrogeometric model. Electromagnetic transient model-

ing and simulations are conducted using the ATP and LIGHT-PESTO software for transmission

and distribution lines, respectively. The results obtained from the methodologies developed us-

ing the Unscented Transform con�rm the accuracy and computational ef�ciency in estimating

the lightning performance for different overhead line con�gurations compared to the Monte

Carlo method.

Keywords: Lightning performance, transmission lines, distribution lines, Monte Carlo, Method

of Moments, Unscented Transform.
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CHAPTER 1

Introduction

1.1 Relevance of the Research Topic

The increasing demand for electricity over the years has required higher levels of reliability

in energy transmission and distribution systems, particularly with the exponential integration

of renewable energy sources such as wind and solar power. In this context, lightning strikes

on overhead power lines emerge as one of the primary sources of system disturbances, poten-

tially leading to unplanned outages. These outages negatively impact energy supply quality

indicators, cause interruptions in industrial activities, and may damage system equipment.

Between 2020 and 2023, theOperador Nacional do Sistema Elétrico Brasileiro(ONS) re-

ported2;365disturbances (with and without outages) caused by lightning strikes on the high-

voltage transmission network operating at230 kVor higher (ONS, 2024). In addition, estimates

from theInstituto Nacional de Pesquisa Espacial(INPE) indicate that approximately70%of

transmission system outages and40%of distribution system outages are attributed to lightning

strikes, underscoring lightning as a leading cause of unplanned outages in power transmission

and distribution systems (INPE, 2024).

Given the importance of this issue, studies that quantify the expected number of power line

outages per year due to lightning interactions are crucial. These studies are particularly relevant

in the design phases of both new line construction and the improvement of existing lines, as

both demand the project of the insulation coordination to specify line components. This type of

study is commonly referred to as “lightning performance (LP)” (IEEE, 1997, 2011).

The LP is determined by a complex interplay of environmental factors such as lightning

density along the line route, soil characteristics, and topography, as well as the attributes of the

1
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lightning strikes and the overhead power lines themselves. In regions like the state of Minas

Gerais, Brazil, natural conditions—including a high incidence of lightning and elevated soil

resistivity—further exacerbate the vulnerability of electrical systems, intensifying the damaging

effects of lightning on the infrastructure (Schroeder, 2001).

Accurate estimation of LP requires appropriate modeling of the key system components

and the inclusion of stochastic variations in the critical parameters involved. The main source

of uncertainty in this type of study lies in the parameters associated with the lightning current

waveform, such as peak value, front time, tail time, among others. The most widely used

approach in the literature for addressing these uncertainties in LP assessment of power lines is

the Monte Carlo Method (MCM) (J. G. Anderson, 1961; Martinez and Castro-Aranda, 2005;

Almeida et al., 2021; Brignone et al., 2017).

While MCM is robust in estimating performance indicators, its signi�cant drawback is the

need to evaluate a large number of random samples to provide reliable indicators. This issue is

further exacerbated as the robustness of transmission and distribution systems increases, making

failure events rarer and requiring even more simulations. Depending on the modeling approach

and the computational resources available, MCM simulations can take hours or even days to

produce a single estimation, making its use impractical in some cases.

Given the importance of this subject, there is a strong demand for alternative methodologies

to the MCM that can account for the stochastic nature of lightning interactions with power lines

and estimate LP with accuracy while requiring reduced computational effort. Such methodolo-

gies would be highly valuable both in academic environment and for power utility companies.

1.2 Contextualization

Although previous studies in the literature have applied techniques to reduce the compu-

tational effort involved in calculating LP for both transmission lines (TLs) and distribution

lines (DLs), most of these works still rely, at least partially, on the MCM.

Recognizing this limitation, there was a clear need to develop alternative and robust method-

ologies capable of estimating LP for power lines without relying on MCM at all, while still

providing equally accurate estimates with signi�cantly reduced computational effort.

Upon examining the literature, the Unscented Transform Method (UTM) emerged as a
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promising approach in this �eld of research. In fact, UTM is a technique that deterministi-

cally selects samples based on the probability distributions of the random variables involved in

the problem. As a consequence, it allows for the estimation of statistical moments with lower

computational cost, making it potentially suitable for LP studies.

Moreover, given the distinct characteristics of transmission and distribution systems in LP

studies, the application of UTM must be tailored to the speci�c modeling requirements of each

system. The electromagnetic transient calculation software used must also be robust, enabling

accurate simulations through appropriate numerical formulations. In this study, Alternative

Transients Program (ATP) was used for lightning performance of transmission lines (LP-TLs)

(Dommel et al., 1986; Meyer et al., 1987), while Lightning Power Electrical System Transient

Overvoltages simulator (LIGHT-PESTO) was employed for lightning performance of distribu-

tion lines (LP-DLs) (Farina et al., 2020).

To con�rm the effectiveness of the proposed methodologies compared to MCM, it is crucial

to conduct a detailed analysis of the results across various scenarios, highlighting their potential

advantages and disadvantages.

1.3 Objectives

The primary objective of this dissertation is to apply the UTM to estimate the lightning

performance of transmission and distribution lines with signi�cant computational ef�ciency.

To evaluate the proposed methodology across various scenarios, overhead lines with different

voltage levels and con�gurations are investigated. Additionally, the validation of the proposed

tool is conducted through comparisons with the traditional MCM.

To achieve this main objective, the following speci�c objectives are proposed:

• In-depth Study of Statistical and Probability Concepts: Conduct a thorough review of con-

cepts used in the evaluation of stochastic phenomena, such as random variables, probabil-

ity functions, statistical moments, and reliability. This step ensures the proper formulation

of the proposed methodology;

• Modeling of Transmission and Distribution Lines for Transient Phenomena Studies: Re-

view the primary models representing the transient response of overhead power lines when

subjected to direct and indirect lightning strikes, including the lightning itself, towers,
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poles, conductors, insulators, and grounding systems. This step is crucial in selecting the

most appropriate models for the proposed study;

• Development of an Automated Computational Tool for Electromagnetic Transient Calcu-

lations in Transmission Lines: Develop a computational tool in Julia programming lan-

guage capable of automatically con�guring and processing simulations in the ATP soft-

ware. This step aims to ef�ciently simulate samples considering the probabilistic nature

of the problem without user intervention;

• Reconstruction of Probability Distributions: Conduct a literature review on the main

methodologies for reconstructing probability distributions from samples. This step aims

to identify the most suitable approach for reconstructing probability distributions from

data simulated using the UTM;

• Disruption and Incidence Models: Develop methodologies that integrate the UTM with

the primary disruption models used to evaluate the occurrence of insulator breakdown.

Additionally, develop methodologies integrating the proposed approach with the inci-

dence model, enabling the distinction between direct and indirect lightning strikes.

1.4 Publications Resulting from this Dissertation

The research conducted during this dissertation resulted in the development of two scienti�c

papers presented at international conferences (Coelho et al., 2024a,b).

The �rst paper (Coelho et al., 2024a), titled “Methodology to Accelerate the Statistical As-

sessment Process of Evaluating the Transmission Line Lightning Performance,” was presented

at the XXIII Power Systems Computation Conference (PSCC) in June 2024, in Paris, France.

This paper proposes using the Conventional Unscented Transform Method to estimate the light-

ning performance of transmission lines by utilizing the Vxt curve method.

The second paper (Coelho et al., 2024b), titled “A Fast and Accurate Method for Esti-

mating Lightning Overvoltage Probability Distributions on Overhead Transmission Lines,” was

presented at the 18th International Conference on Probabilistic Methods Applied to Power Sys-

tems (PMAPS) in June 2024, in Auckland, New Zealand. This paper proposes using the Gaus-

sian Unscented Transform coupled with the Method of Moments to reconstruct the probability
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distribution of maximum overvoltages observed across insulator strings due to direct lightning

strikes in transmission lines.

Additionally, the paper titled “Reconstrução de Distribuições de Probabilidade na Solução

de Fluxo de Potência Probabilístico via Técnica Unscented Transform” was accepted for pre-

sentation at the Congresso Brasileiro de Automática (CBA) in October 2024, in Rio de Janeiro,

Brazil. This paper employs the Gaussian Unscented Transform with the Method of Moments

to estimate probability distributions of voltages, active, and reactive power of a transmission

system via probabilistic power �ow.

1.5 Dissertation Structure

This dissertation is organized into 7 chapters, including this introduction, which addresses

the relevance of the research topic and de�nes the general and speci�c objectives of the work.

Chapter 2 provides a concise overview of the key probability concepts used throughout the

dissertation. This description aims to facilitate a better understanding of the proposed method-

ology.

Chapter 3 focuses on the LP-TLs due to direct lightning strikes. It de�nes the case studies

and presents the main models used. Additionally, this chapter justi�es the selected models by

concisely highlighting the constraints, conditions, and advantages inherent to each component.

Finally, it introduces the conventional probabilistic approach via MCM for LP estimation.

Chapter 4 addresses the LP-DLs, with a primary focus on induced voltages from lightning

strikes near the line. Similar to the previous chapter, it de�nes the case studies and presents the

main models employed in the simulations. Additionally, it covers the LP estimation using the

MCM.

Chapter 5 introduces the UTM, detailing its application to problems involving continuous

random variables. It then describes the methodology used to derive probability distribution

functions from the UTM. The chapter concludes with a presentation of the methodologies

developed for estimating the LP of transmission and distribution lines using the UTM and the

Method of Moments (MoM).

Chapter 6 presents the results of the sensitivity analyses conducted on the case studies

de�ned in Chapters 3 and 4. The results obtained using the proposed methodology are compared
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with those from the traditional application of the MCM.

Chapter 7 summarizes the main conclusions derived from applying the UTM to the LP

estimation of overhead power lines. Finally, it outlines a series of proposals for future work.
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CHAPTER 2

Review of Probability Theory

2.1 Chapter Overview

It is inevitable that any process will be subject to uncertainty, whether this arises from ran-

dom phenomena or from measurement errors in speci�c quantities. Therefore, it is essential to

understand the fundamental basis of uncertainty in order to fully comprehend the probabilistic

approach presented in this dissertation. In order to facilitate this understanding, this chapter

provides a concise review of the key theoretical concepts that will be utilized throughout the

document. The topics covered include basic probability theory, random variables, random vec-

tors, probability distributions, statistical moments, and the Monte Carlo Method (MCM). These

elements are of great importance in the modeling and analysis of uncertainties in a variety of

processes.

2.2 Set Theory

Set theory is a �eld within mathematical logic that explores the properties and structures

of sets, which are essentially collections of objects. While theoretically any object can be

included in a set, set theory focuses on those collections that hold signi�cance in the broader

context of mathematics. Sets can be operated by three different operators and they also have

three important properties as represented in Figure 2.1. The descriptions of these operators and

properties are as follows (Yates and Goodman, 2014).

7
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(a) Union. (b) Intersection. (c) Complement.

(d) Mutually exclusive. (e) Collective exhaustive. (f) Partition.

Figure 2.1: Illustration of algebra and properties of sets. Adapted from (Yates and Goodman, 2014).

(a) The union of setsA andB is the set of all elements that are either inA or in B , or in both.

Formally,x 2 A [ B if and only if x 2 A or x 2 B;

(b) The intersection of two setsA andB is the set of all elements that are contained both in

A andB. Formally, the de�nition isx 2 A \ B if and only if x 2 A andx 2 B;

(c) The complement of a setA, denoted byAc, is the set of all elements in
 that are not in

A. The complement of
 is the null set? . Formally,x 2 Ac if and only if x =2 A;

(d) A collection of setsA1; : : : ; An is mutually exclusive if and only ifA i \ A j = ? ; 8 i 6= j ;

(e) A collection of setsA1; : : : ; An is collectively exhaustive if and only ifA1[ A2[� � �[ An =


 ;

(f) A collection of setsA1; : : : ; An is a partition if it is both mutually exclusive and collec-

tively exhaustive.

De Morgan's law relates all three basic operations according to (2.1). This law establishes

that the complement of the union of two sets is equal to the intersection of the complements of

each set.

(A [ B)c = Ac \ B c (2.1)
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2.3 Probability Theory

2.3.1 De�nition of Terms

Having acquired a grasp of the fundamental principles of set theory, it is now necessary

to de�ne some of the principal terms employed in the �eld of probability theory (Yates and

Goodman, 2014):

• Probability: Number between 0 and 1 that is used to represent the proportion of times an

event is expected to occur;

• Random Event: Set of outcomes of a random experiment that have a de�nite probability

of occurrence;

• Sample or Outcome: Any possible observation of an experiment;

• Random Experiment: Any procedure that can be in�nitely repeated and whose outcomes

are not known in advance;

• Sample Space: De�ned as a set of all possible outcomes that are mutually exclusive and

collectively exhaustive.

• Random Variable: Consists of an experiment with a probability measureP[�], which is

de�ned over a space of samples
 and a function that assigns a real number to each

sample belonging to the sample space of the experiment.

• Random Number: A number generated at a realization of any random variable.

• Random Vector: A list made up of more than one random variable.

• Probability Distribution: Mathematical function that gives the probabilities of occurrence

of different possible outcomes for an experiment.

Table 2.1 relates the terminology of probability to set theory.

2.3.2 Mathematical De�nitions

Probability

A random experiment is de�ned by a probability space, which is constituted by a sample

space
 , a �eld F and a probability measureP[�]. The probability space is represented by
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Table 2.1: The relationship between the terminology of set theory and probability.
Adpated from (Yates and Goodman, 2014).

Set Theory Probability Theory
Set Event

Universal Set Sample Space
Element Sample

(
 ; F ; P) (Yates and Goodman, 2014). Figure 2.2 illustrates how samples, events, and proba-

bilities are related to each other.

Figure 2.2: Relation between sample space, events and probabilities. Adapted from (Ribeiro, 2023).

A probability measureP, for a given probability space(
 ; F ; P) with eventsA; B 2 F

must satisfy the three following axioms:

1. 8A; P[A] � 0;

2. P[
] = 1 ;

3. If A andB are mutually exclusive, thenP[A [ B ] = P[A] + P[B ]

Conditional Probability

Conditional probabilities correspond to a modi�ed probability model that re�ects partial

information about the outcome of an experiment. The modi�ed model has a smaller sample

space than the original model. Let(
 ; F ; P) be a probability space with setsA; B 2 F and

P[B ] 6= 0. The conditional ora posteriori probability of an eventA given an eventB is

expressed by (2.2) (Ribeiro, 2023).
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P[A j B ] =
P[A \ B ]

P[B ]
(2.2)

A conditional probability measureP[A j B ] has the following properties that correspond to

the axioms of probability.

1. P[A j B ] � 0;

2. P[B j B ] = 1;

3. If 
 = A1 [ A2 [ � � � An with A i \ A j = f ? g for i 6= j , thenP[A j B ] = P[A1 j B ] +

P[A2 j B ] + � � � P[An j B ].

Two eventsA; B 2 F are independent if and only ifP[A \ B ] = P[A]P[B ], that is,P[A j

B ] = P[A]. In other words, two events are considered independent of each other if the oc-

currence of one event does not affect the probability of another event occurring. It is worth

mentioning that independent events and mutually exclusive events are not synonyms as shown

in (2.3). Analyzing (2.3) it is clear that independent events will be also mutually exclusive if

and only ifP[A] = 0, or P[B ] = 0.

Independence) P[A \ B ] = P[A] � P[B ]

Mutual exclusivity ) P[A \ B ] = 0
(2.3)

Total Probability

The law of total probability expresses the probability of an event as the sum of the proba-

bilities of outcomes that are in the separate sets of a partition (Yates and Goodman, 2014). For

a partitionB = f B1; B2; B3; � � � g, an eventA in the sample space andCi = A \ B i , if i 6= j ,

the eventsCi andCj are mutually exclusive, i.e.,A = C1 [ C2 [ C3 [ � � � .

For any eventA, and partitionf B1; B2; : : : ; Bng, (2.4) is given.

P[A] =
nX

i =1

P[A \ B i ] (2.4)

If n mutually exclusive and collectively exhaustive events are represented byB1 [ B2 [

� � � [ Bn = 
 andA 2 
 , the law of total probability is expressed by (2.5).
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P[A] =
nX

i =1

P[A j B i ] P[B i ] (2.5)

Baye's Theorem

Bayes' theorem describes the probability of an event, based on prior knowledge of condi-

tions that might be related to the event. For a set of mutually exclusive events,f B1; B2; � � � ; Bng,

and an eventA 2 
 , the conditional probability of eventB j given that eventA is observed is

expressed in (2.6).

P[B j j A] =
P[A j B j ] P[B j ]

P[A]
=

P[A j B j ] P[B j ]
P n

i =1 P[A \ B i ]
(2.6)

2.3.3 Random Variables

In simple terms, the random variable is the result of a random experiment that has been

carried out. For the sake of notation, random variables are represented by an uppercase letter,

e.g.,X . Figure 2.3 shows the mapping between samples in a sample space to real values to

obtain the random variable.

Figure 2.3: Mapping between samples! i in a sample space
 to real values (R) to obtain the random
variable. Adapted from (Ribeiro, 2023).

On occasion, it is important to identify the random variableX by the functionX (! ) that

maps the sample outcome! to the corresponding value of the random variableX . As needed,

f X = xg will be written to emphasize that there is a set of sample points! 2 
 for which

X (! ) = x. A shorthand notation expressed in (2.7) is adopted (Yates and Goodman, 2014).
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f X = xg = f ! 2 
 j X (! ) = xg (2.7)

For convenience, the random variableX 2 
 X , where
 X is the set of possible values that

X can assume. The probability that a random variableX takes values less or equal to a number

x is termed as cumulative distribution function (CDF), which is expressed asF (x) according to

(2.8).

F (x) = P[X � x] (2.8)

For (2.8) be true,F (x) must satisfy three important properties (Yates and Goodman, 2014).

1. F (x2) � F (x1) whenx2 � x1;

2. F (�1 ) = 0 andF (1 ) = 1 ;

3. 8  2 �  1 ) F ( 2) � F ( 1) = P[ 1 < x �  2];

Property 1 ensures that CDF is monotonically increasing, i.e., never decreasing, and prop-

erty 2 ensures that CDF always starts at0 and ends at1. Property 3 establishes that the dif-

ference resulting from calculating the CDF at two different points is the probability that the

random variable will take a value between these two points.

The CDF is a function that characterizes completely the random variable. The inverse of

the CDF is another function called quantile function (QF). The QF, maps a numberq, such that

0 � q � 1, which represents the probability measure and returns the corresponding numberx,

whoseF (x) = q. The QF is represented in (2.9) and for the sake of notationx = X (q).

X (q) = F � 1(x) (2.9)

The numberq is called a quantile. A set of quantiles are simply cut points that divide the

range of a probability distribution into continuous intervals of equal probability or divide the

observations in a sample in the same way.

The random variables are classi�ed into three main categories: discrete, continuous, and

mixed. This dissertation will concentrate on discrete and continuous random variables, which
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will be further detailed. Mixed random variables will not be explored as they are combinations

of discrete and continuous random variables.

Discrete Random Variables

Discrete random variables assume a �nite or in�nitely countable number of possible values.

The CDF of a discrete random variable is de�ned according to (2.10).

F (x) = P[X � x] =
X

x i 2 
 X j x i � x

P(x i ) (2.10)

Since a discrete random variableX can only take on discrete values within the sample

space, then the QF of a discrete distribution cannot be de�ned as the inverse function of the

CDF. In this case it is de�ned by (2.11).

X (q) = inf f x 2 
 X : q � F (x)g (2.11)

whereinf f�g is the in�mum value function. To put it more clearly, the in�mum value function

returns the value ofx among all the values in the space
 X whose value ofF (x) exceedsq.

In addition to CDF, there is another function capable of completely characterising a discrete

random variable, this function is called probability mass function (PMF) and is represented in

(2.12).

P(x) = P[X = x] (2.12)

The PMF establishes that8 x 2 R, the funtionP(x) is the probability of the eventX = x.

Examples of CDF and PMF of a generic discrete random variable are shown in Figure 2.4. As

can be seen from 2.4, the CDF of a discrete random variable is characterised by a staircase

format.

Continuous Random Variables

A continuous random variableX can assume any values in an interval on the lineR, i.e.,

an in�nite number of values within the sample space
 X in which it is de�ned. The CDF of a

continuous random variable is de�ned by (2.13).
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(a) CDF. (b) PMF.

Figure 2.4: CDF and PMF of a discrete random variable.

F (x) = P[X � x] =
� x

�1
f (u) du (2.13)

wheref (x) is called probability density function (PDF) and it is analogous, but not equal, to

the PMF of discrete random variables. The CDFF (x) is continuous if and only ifX is a

continuous random variable. Therefore, the PDF can be de�ned as the �rst derivative of the

CDF as represented in (2.14).

f (x) =
dF (x)

dx
(2.14)

The following properties hold for continuous random variables:

1. f (x) � 08 x;

2.
� 1

�1 f (x) dx = 1.

Different from the discrete case, the probability of a continuous random variable assuming

a speci�c valuex is always null, i.e.,P(x) = P[X = x] = 0.

Examples of CDF and PDF of a continuous random variable are shown in Figure 2.5.

2.3.4 Moments

Moments are measures that characterize a probability distribution and can be used to de-

scribe the shape of the distribution of a data set (Kendall, 1948). In addition to providing de-

scriptive information about a data set, these measures can also be used to determine whether two

or more data sets have similar characteristics. The literature presents many different types of
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(a) CDF. (b) PDF.

Figure 2.5: CDF and PDF of a continuous random variable.

moments, such as raw moments (Kendall, 1948), central moments (Kendall, 1948), L-moments

(Hosking, 1989), trimmed L-moments (Elamir and Seheult, 2003), and fractional moments

(Cressie and Borkent, 1986), among others. The most important moments used in this work

are detailed as follows.

Raw Moments

Forr 2 N, ther -th raw moment of a random variable is represented by� r and is calculated

by applying the expectation operator (Abramowitz and Stegun, 1972). In the case of a discrete

random variable, ther -th raw moment is de�ned by (2.15), whereas in the case of a continuous

random variable, it is de�ned by (2.16).

� r = Ef X r g =
X

x 2 
 X

xr � P(x) (2.15)

� r = Ef X r g =
�


 X

xr � f (x) dx (2.16)

The raw moment of order1, i.e., r = 1, is also called the expected value or mean of the

random variable, and in general, is represented only by� .

Central Moments

While raw moments are calculated about the origin, the central moments are de�ned around

the mean value� , and for the sake of notation, they are represented by� 0
r (Abramowitz and
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Stegun, 1972). Ther -th central moments of a discrete and a continuous random variable are

de�ned according to (2.17) and (2.18), respectively.

� 0
r = Ef (X � � )r g =

X

x 2 
 X

(x � � )r � P(x) (2.17)

� 0
r = Ef (X � � )r g =

�


 X

(x � � )r � f (x) dx (2.18)

Analysing (2.17) and (2.18), one can see that(x � � )r is a polynomial expansion, which

permits to calculate the central moments if the raw moments are known. This calculation is

expressed by using the Newton binomial as represented in (2.19) (Abramowitz and Stegun,

1972).

� 0
r =

rX

i =0

" 
r
i

!

� � r � i � (� � 1) i

#

(2.19)

where
�

r
i

�
is given by (2.20).

 
r
i

!

=
r !

i ! � (r � i )!
(2.20)

Standard Moments

In order to fully characterize the probability distribution of a random variable by means of

its statistical moments, it is necessary to know its in�nite moments and these, in turn, must be

�nite (Kendall, 1948; Dang and Xu, 2019). Nevertheless, the inference of hypotheses regarding

the expected shape of the probability distribution is possible from the knowledge of four speci�c

moments, which are herein referred to as standard or standardized moments. These moments

are capable of describing four key aspects of a probability distribution. The �rst is the position

of the data in relation to a reference point, the second is the dispersion of the data around an

average value, the third is the degree of asymmetry of the data in relation to an average value,

and the fourth is the degree of �attening of the data also in relation to an average value.

The most commonly employed measures of position are the mean, median, and mode

(Kendall, 1948). However, to characterize a probability distribution, it is preferable to utilize

the mean value herein de�ned as the �rst standard moment. As previously demonstrated, the
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mean is equivalent to the raw moment of order 1 and is represented by the symbol� .

The second standard moment is equal to the central moment of order2, commonly known

as the variance (Kendall, 1948). The variance is a measure of the dispersion of data around the

mean value, and it is represented by� 2. The expressions used to calculate the variance of a dis-

crete and a continuous random variable are de�ned according to (2.21) and (2.22), respectively.

� 2 = � 0
2 = Ef (X � � )2g =

X

x 2 
 X

(x � � )2 � P(x) (2.21)

� 2 = � 0
2 = Ef (X � � )2g =

�


 X

(x � � )2 � f (x) dx (2.22)

In certain instances, it is more appropriate to utilize the square root of the variance, which

is designated as the standard deviation and represented by the symbol� .

The standardized third moment is a measure of the shape of a probability distribution, which

characterizes the distribution's asymmetry (Kendall, 1948). This measure is referred to as the

skewness coef�cient, as it quanti�es the extent to which the distribution deviates from its axis

of symmetry. The skewness coef�cient, denoted by
 , is de�ned as the ratio between the third

central moment and the standard deviation raised to the cube. This can be seen in (2.23) and

(2.24), which apply to the discrete and continuous cases, respectively.


 =
� 0

3

� 3
=

Ef (X � � )3g

(Ef (X � � )2g)
3
2

=
P

x 2 
 X
(x � � )3 � P(x)

� P
x 2 
 X

(x � � )2 � P(x)
� 3

2

(2.23)


 =
� 0

3

� 3
=

Ef (X � � )3g

(Ef (X � � )2g)
3
2

=

�

 X

(x � � )3 � f (x) dx
� �


 X
(x � � )2 � f (x) dx

� 3
2

(2.24)

The standardized fourth moment is also a measure of the shape of the probability distri-

bution, but it is a measure of the degree to which the distribution is �at (Kendall, 1948). This

measure is commonly referred to as the kurtosis coef�cient, which is typically represented by

the symbol� . The kurtosis coef�cient is de�ned as the ratio between the fourth central moment

and the standard deviation raised to the fourth power. This can be seen in (2.25) and (2.26),

which apply to the discrete and continuous cases, respectively.
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(a) Mean. (b) Variance.

(c) Skewness. (d) Kurtosis.

Figure 2.6: Effects of the standard moments on the format of PDFs.

� =
� 0

4

� 4
=

Ef (X � � )4g

(Ef (X � � )2g)2 =
P

x 2 
 X
(x � � )4 � P(x)

� P
x 2 
 X

(x � � )2 � P(x)
� 2 (2.25)

� =
� 0

4

� 4
=

Ef (X � � )4g

(Ef (X � � )2g)2 =

�

 X

(x � � )4 � f (x) dx
� �


 X
(x � � )2 � f (x) dx

� 2 (2.26)

Figure 2.6 illustrates the effects of the four standard moments on the shapes of PDFs. An

analogous phenomenon can be observed in the case of PMFs.

Both the mean and the skewness coef�cient can assume any real valuesf �; 
 g 2 R.

Depending on the value of the skewness coef�cient, the probability distribution can be classi�ed

into three distinct categories:

• If 
 = 0 then the distribution is said to be symmetrical;

• If 
 > 0 then the distribution is said to have positive asymmetry or asymmetry to the left;

• If 
 < 0 then the distribution is said to have negative asymmetry or asymmetry to the

right.
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It can be demonstrated that the variance and consequently the standard deviation can only

take on positive values, that is to say that� 2 > 0. The kurtosis coef�cient is a distinct case, as

it must always be greater than or equal to1. Furthermore, it is directly related to the asymmetry

coef�cient, such that the kurtosis coef�cient of any probability distribution, whether continuous

or discrete, must satisfy the inequality expressed in (2.27) (Stuart and Ord, 1994) as cited by

(Vargo et al., 2010).

� � 
 2 + 1 (2.27)

The inequality represented in (2.27) can be mapped using a cartesian plane, in which the

x-axis corresponds to the skewness values and they-axis corresponds to the kurtosis values.

Consequently, equation (2.27) corresponds to a plane bounded from below by the parabola

� = 
 2 +1. This mapping, often designated as the skewness-kurtosis plane or the moment-ratio

diagram, is a highly valuable tool for the application of probability distribution reconstruction

techniques (Vargo et al., 2010). Figure 2.7 illustrates a generic skewness-kurtosis plane, which

highlights the regions of skewness-kurtosis pairs that are impossible and possible, i.e., regions

in which the relation between� and
 are statistically inconsistent (impossible) or consistent

(possible).

Figure 2.7: Generic skewness-kurtosis plane.
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Probability-Weighted Moments

Probability-weighted moments is a class of moments initially developed by Greenwood

et al. (1979) and later explored in depth by Hosking (1986). The concepts of probability-

weighted moments are founded upon the principles of order statistics. While it is beyond the

scope of this document to provide a detailed account of the inherent concepts of order statistics,

it is possible to understand the calculation of probability-weighted moments without delving

deeply into the de�nitions of order statistics. For those wishing to pursue a more detailed

understanding of the de�nitions of order statistics, it is recommended to consult the following

works: (Johnson et al., 1994; Hryniv, 2017).

Among the various classes of probability-weighted moments, there is particular interest in

a speci�c one, de�ned in accordance with (2.28) for calculating ther -th probability-weighted

moment of a continuous random variable, withr 2 N.

� r =
� 1

0
X (F ) � F r dF (2.28)

whereX (F ) = X (q) is the quantile function which returns a valuex. The functionF r =

[F (x)]r , and the derivativedF = f (x) dx. These identities allow to change the integration

domain to rewrite� r in terms ofx as shown in (2.29).

� r =
�


 X

f x � f (x) � [F (x)]r gdx (2.29)

In the case of a discrete random variableX 2 
 X = f x1; x2; : : : ; xN � 1; xN g. Given that

the sample space is ordered in ascending order, withx1 � x2 � : : : � xN � 1 � xN , the

probability-weighted moment is calculated applying (2.30).

� r =
NX

i =1

8
<

:
x i � P(x i ) �

2

4
iX

j =1

P(x j )

3

5

r 9
=

;
(2.30)

The concept of the probability-weighted moment is the basis of another class of moments,

named L-moments.
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L-Moments

In summary, L-moments can be described as an alternative way of describing the shape of

a probability distribution. They are analogous to conventional moments (centered on the origin

and mean) but are estimated by linear combinations of probability-weighted moments, which

are moments calculated from order statistics (Hosking, 1986).

According to its developer Hosking (1986, 1989), L-moments have theoretical advantages

over conventional moments in that they can characterize a wider range of distributions and,

when estimated from a sample, are more robust to the presence of outliers1. Compared to

conventional moments, L-moments are less subject to estimation bias and are closer to their

asymptotic normal distribution in �nite samples.

Mathematically, the L-moments, represented by� , are de�ned from the knowledge of the

probability-weighted moments, as in the expression (2.31).

� r +1 =
rX

k=0

2

6
4(� 1)r � k

0

B
@

r

k

1

C
A

0

B
@

r + k

k

1

C
A � � k

3

7
5 for r 2 N (2.31)

From (2.31) the �rst four L-moments are de�ned according to (2.32), (2.33), (2.34), and

(2.35).

� 1 = � 0 (2.32)

� 2 = 2� 1 � � 0 (2.33)

� 3 = 6� 2 � 6� 1 + � 0 (2.34)

� 4 = 20� 2 � 30� 2 + 12� 1 � � 0 (2.35)

The �rst L-moment is equal to the mean� and is therefore called the L-mean. The second

L-moment is analogous to the variance and is called the L-variance. The third and fourth L-

moments are analogous to the third and fourth central moments. It is therefore interesting to

normalize the third and fourth-order L-moments to obtain dimensionless coef�cients, analogous

to the skewness and kurtosis coef�cients. L-moments of order3 or greater are normalized by

the L-variance according to the equation (2.36) (Hosking, 1986).
1An outlier is a single data point that goes far outside the average value of a group of statistics. Outliers may be exceptions

that stand outside individual samples of populations as well.
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� r =
� r

� 2
for r = 3 ; 4; : : : (2.36)

The coef�cients� 3 and� 4 are known as L-skewness and L-kurtosis. L-skewness is restricted

to the interval[� 1; 1]. L-kurtosis, on the other hand, can only take values within a certain

interval de�ned by (2.37) (Hosking, 1986).

1
4

(5� 2
3 � 1) � � 4 � 1 (2.37)

In this sense, it is possible to de�ne an L-skewness-L-kurtosis plane2 as shown in Figure

2.8. This plane is of utmost importance when applying techniques for reconstructing probability

distributions (Vogel and Fennessey, 1993).

Figure 2.8: Generic L-skewness-L-kurtosis plane.

2.3.5 Random Vector

A random vector is de�ned as a collection ofn random variables, which are represented by

an uppercase bold letter, such asX = f X 1; X 2; : : : ; X ng. The random vector is de�ned in the

sample space
 X = 
 X 1 [ 
 X 2 [ : : : [ 
 X n . Most problems involving uncertainty involve

more than one random variable, consequently de�ning a random vector is essential. In the same

2The L-Skewness-L-Kurtosis plane is also known as L-moment ratio diagram.
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way that the concepts of CDF, PMF, PDF, and moments were de�ned for one random variable,

they can be extended to a set of random variables (Ribeiro, 2023).

To make mathematical de�nitions easier, letX = f X 1; X 2g = f X; Z g be a vector of two

random variables de�ned in the sample space
 X = 
 X [ 
 Z , and for the sake of notation, let

x = ( x;z). The joint cumulative distribution function (JCDF) ofX is de�ned by (2.38).

F (x) = F (x; z) = P[X � x; Z � z] (2.38)

For two random variablesX andZ , there are the following properties:

a) 0 � F (x; z) � 1;

b) F (1 ; 1 ) = 1 ;

c) F (x) = F (x; 1 );

d) F (z) = F (1 ; z);

e) F (x; � 1 ) = 0 ;

f) F (�1 ; z) = 0 ;

g) If x � x1 andz � z1, thenF (x; z) � F (x1; z1).

If X andZ are both discrete random variables, their joint probability mass function (JPMF)

is given by (2.39).

P(x) = P(x; z) = P[X = x; Z = z] (2.39)

The JPMF has the following properties:

a) F (x;z) =
P

x i 2 
 X j x i � x
P

zj 2 
 Z j zj � z P(x i ; zj );

b) P(x; z) � 0;

c) P(x) =
P

z 2 
 Z
P(x; z) andP(z) =

P
x 2 
 X

P(x; z);

d) P[x1 < X � x2; z1 < Z � z2] = F (x2; z2) � F (x2; z1) � F (x1; z2) + F (x1; z1);

e)
P

x 2 
 X

P
z 2 
 Z

P(x; z) = 1 .
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Conversely, if both are continuous, their joint probability density function (JPDF) is given

by (2.40).

f (x) = f (x; z) =
@2

@x@z
F (x; z); 8 x; z 2 R (2.40)

The JPDF has the following properties:

a) F (x; z) =
� x

�1

� z
�1 f (u; v) du dv;

b) f (x; z) � 0;

c) f (x) =
� 1

�1 f (x; z) dz andf (z) =
� 1

�1 f (x; z) dx;

d) P[x1 < X � x2; z1 < Z � z2] =
� x2

x1

� z2

z1
f (u; v) du dv;

e)
� 1

�1

� 1
�1 f (x; z) dx dz = 1.

When it comes to random vectors, the functionsP(x) andP(z) are called marginal prob-

ability mass functions (MPMFs). Similarly, the functionsf (x) andf (z) are called marginal

probability density functions (MPDFs). These functions are probabilistic models of the in-

dividual variablesX and Z . In practice, they are useful models to describe the conditional

probability of Z , given thatX = x. In this case, the conditional probability ora posteriori

probability is expressed by (2.41) and (2.42) for the discrete and continuous random variables,

respectively (Ribeiro, 2023).

P(z j X = x) = P(z j x) =
P(x; z)
P(x)

(2.41)

f (z j X = x) = f (z j x) =
f (x; z)
f (x)

(2.42)

Therefore, it is possible to de�ne that two random variables are independent if and only if

(2.43) and (2.44) are satis�ed, for the discrete and continuous cases respectively.

P(x; z) = P(x) � P(z) =) P(z j x) = P(z) (2.43)

f (x; z) = f (x) � f (z) =) f (z j x) = f (z) (2.44)
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From all these properties, Bayes' theorem postulates the equations (2.45) and (2.46) to cal-

culate the conditional probability for the discrete and continuous cases, respectively. Extending

all these concepts to situations involving more than two random variables is straightforward.

P(z j x) =
P(x j z) � P(z)

P(x)
(2.45)

f (z j x) =
f (x j z) � f (z)

f (x)
(2.46)

Moments of a Random Vector

Continuing the analysis for the random vectorX = f X; Z g, a common moment of practical

interest is the so-called cross-correlation, de�ned according to (2.47) and (2.48).

corr(X; Z ) = Ef XZ g =
X

x 2 
 X

X

z 2 
 Z

x � z � P(x; z) (2.47)

corr(X; Z ) = Ef XZ g =
� 1

�1

� 1

�1
x � z � f (x; z) dx dz (2.48)

Another joint moment of interest is the covariance, which is a measure of the joint variability

of two random variables. It is de�ned according to (2.49) and (2.50) for discrete and continuous

random variables respectively.

cov(X; Z ) = E f (X � � X ) (Z � � Z )g =
X

x 2 
 X

X

z 2 
 Z

(x � � X ) (z � � Z ) P(x; z) (2.49)

cov(X; Z ) = E f (X � � X ) (Z � � Z )g =
� 1

�1

� 1

�1
(x � � X ) (z � � Z ) f (x; z) dx dz (2.50)

In statistics, the Pearson correlation coef�cient is a measure of linear correlation between

two sets of data. It is the ratio between the covariance of two variables and the product of their

standard deviations expressed by (2.51).
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� XZ =
E f (X � � X ) (Z � � Z )g

� X � Z
=

cov(X; Z )
� X � Z

(2.51)

The Pearson correlation coef�cient is a number� 1 � � XZ � 1 which permits classify the

degree of correlation between the random variables as follows:

• j� XZ j = 1 ) X andZ are fully correlated;

• j� XZ j = 0 ) X andZ are uncorrelated;

• 0 < j� XZ j < 1 ) X andZ have some correlation.

If two random variables are uncorrelated, thenEf XZ g = Ef X gEf Zg. If they are in-

dependent, the equations (2.43) or (2.44) are satis�ed. It should therefore be emphasized that

independence implies uncorrelation, but uncorrelation does not imply independence.

2.3.6 Function of Random Variables

It is not uncommon for a phenomenon or process to be represented by one or more math-

ematical functions, with the input variables of these functions being random in nature. In this

instance, the response of the mathematical model is also a random variable, exhibiting analo-

gous properties to those previously discussed.

Let Y = g(X ) be a function of a single random variable, de�ned in the set
 X . The

expected value ofY, that is to say its mean� Y , is calculated using equations (2.52) and (2.53)

for the discrete and continuous case, respectively.

� Y = Ef Yg =
X

x 2 
 X

g(x) � P(x) (2.52)

� Y = Ef Yg =
�


 X

g(x) � f (x) dx (2.53)

In the case where the input of the function is a random vectorX = f X; Z g, de�ned in the

space
 X = 
 X [ 
 Z , The mean value of the functionY = g(X ) is de�ned according to

equations (2.54) and (2.55) for the discrete and continuous cases, respectively.

� Y = Ef Yg =
X

x 2 
 X

X

z 2 
 Z

g(x;z) � P(x;z) (2.54)

Coelho, Alex J. C.



Chapter 2. Review of Probability Theory 28

� Y = Ef Yg =
�


 X

�


 Z

g(x;z) � f (x;z) dx dz (2.55)

The calculation of the other moments follows the same logic, with the parameterx within

the sum or integral being replaced by the functiong(x), or in the case of a random vector, by

g(x). Furthermore, in the univariate case, the calculations are operated with CDF, PMF, or

PDF. In the multidimensional cases, they are operated with JCDF, JPMF, or JPDF.

If the output variableY is a random variable, then it has a probability distribution, which

may be described by a PMF, PDF, or a combination of both. According to Yates and Goodman

(2014), only in certain cases it is possible to obtain the probability function analytically, whether

Y is continuous, discrete, or mixed. Therefore, in most cases, numerical methods arise as the

best alternatives to obtain estimates of the probability functions.

2.3.7 Reliability

In reliability engineering, the basic task is to calculate the probability that a certain response

exceeds the prescribed threshold, which is known as the failure probability. In mathematical

terms, letX 2 
 X be a random vector composed ofn random variables. SupposeY = g(X ),

whereg(�) : Rn �! R, which is indeed the operator to de�ne the physical law betweenY and

X . If it is possible to de�ne the CDFF (y), PMF P(y) or PDFf (y) of the random outputY,

whetherY is discrete or continuous. The failure probability associated withY being higher than

or equal to a threshold value� can be conveniently estimated by expression (2.56) or (2.57), for

discrete or continuous cases, respectively.

pfh =
X

y 2 
 Y j y � �

P(y) = 1 � F (y = � ) (2.56)

pfh =
� 1

�
f (y) dy = 1 � F (y = � ) (2.57)

If the objective of the reliability analysis is to ascertain whether the value ofY is lower than

or equal to a speci�ed threshold, the expressions (2.58) or (2.59) can be employed.

pf l =
X

y 2 
 Y j y � �

P(y) = F (y = � ) (2.58)
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pf l =
� �

1
f (y) dy = F (y = � ) (2.59)

One of the signi�cant challenges in estimating the failure probability is the lack of knowl-

edge about the functionsP(y), f (y), or F (y). In this context, analytical methods frequently

become unfeasible, necessitating the adoption of numerical methods, such as the Monte Carlo

Method (MCM), which is one of the most widely used in the literature for solving problems

involving random variables (Melchers and Beck, 2017).

2.4 Monte Carlo Method

In this study, the de�nitions and analyses of the Monte Carlo Method (MCM) will be

primarily focused on cases where the output random variableY is continuous. This implies that

the output random variable is de�ned by the functionsF (y) andf (y). This method enables

the estimation of moments of a model's output random variable, the probability of failure, and

even the PDF and CDF of the model. The MCM relies on the Law of Large Numbers, which

states that as the number of random samples increases, the statistical moments of those samples

converge to the true ones, i.e., the moments that would be obtained by the analytical solution.

By generating a large number of random samples, the MCM leverages this statistical principle to

provide accurate estimates and insights into complex problems with uncertain inputs (Watkins,

2024).

In practice, the MCM can estimate the value of an integral equation by sampling the possible

values that an input random vector can assume in a large number of instances. This process

involves a sequence of simulations, with each iteration utilizing a distinct set of values obtained

through random sampling based on the JPDF. It is evident that if the model comprises a sole

random variable, the PDF is employed in lieu of the JPDF (Watkins, 2024).

For the sake of clarity, consider the random output variableY = g(X ). In each iteration

of the MCM, a random sample of the random vectorX , denoted byx i , is drawn and evaluated

through the functiong(�). The MCM then updates the estimate and continues this process until a

desired number of samples,N , has been evaluated. In the MCM, the raw and central moments

can be estimated using the equations (2.60) and (2.61), respectively. The calculation of the

standard moments is straightforward once the raw moments and central moments are known.
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b� r =
1
N

NX

i =1

[g(x i )]
r (2.60)

b� 0
r =

1
N

NX

i =1

[g(x i ) � � Y ]r (2.61)

As previously stated, in order to calculate the probability-weighted moments, it is imper-

ative that the samples be arranged in ascending order. Consequently, the set of samples of the

form f g(x1); g(x2); : : : ; g(xN )g must be arranged in ascending order, withg(x1) � g(x2) �

: : : � g(xN ). The probability-weighted moments are then estimated using (2.62). From the

estimates of the probability-weighted moments, the estimation of the L-moments is straightfor-

ward.

b� 0 =
1
N

NX

i =1

g(x i ) for r = 0

b� r =
1
N

NX

i = r +1

(

g(x i )
rY

k=1

"
(i � k)
(N � k)

#)

for r = 1; 2; 3; : : :

(2.62)

The use of the symbol “b ” over the variables is employed throughout the document to indi-

cate that the variable represents an estimate, i.e., an approximation of the exact value provided

by the analytical integral form. As the number of samples evaluated increases, the approxima-

tion becomes closer to the exact value.

Analogous to the aforementioned approach, an estimation of the probabilities ofY ex-

ceeding an upper or lower threshold can be derived from the expressions (2.63) and (2.64),

respectively.

bpfh =
1
N

2

4
X

y 2 
 Y j y � �

1

3

5 (2.63)

bpf l =
1
N

2

4
X

y 2 
 Y j y � �

1

3

5 (2.64)

The MCM is also a valuable tool to estimate the PDF and CDF ofY. To perform this, it is

used the concepts of histogram3 and empirical cumulative distribution function (eCDF)4. The

3A histogram is a visual representation of the distribution of quantitative data. To construct a histogram, the �rst step is to
“bin” the range of values — divide the entire range of values into a series of intervals — and then count how many values fall
into each interval. The bins are usually speci�ed as consecutive, non-overlapping intervals of a variable.

4eCDF is the distribution function associated with the empirical measure of a sample and can be understood as a step
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(a)100samples. (b) 100;000samples.

Figure 2.9: Examples of histograms.

(a)100samples. (b) 100;000samples.

Figure 2.10: Examples of eCDFs.

Law of Large Numbers ensures that, as the number of samples considered in MCM increases,

the histogram will approach the true PDF and the eCDF will approach the true CDF. Figure 2.9

illustrates the estimation of a histogram of the random variableY, whereY is standard normal5.

In the case of Figure 2.9(a),100samples are used, while in Figure 2.9(b),100;000samples are

employed. Figure 2.10 illustrates the estimated eCDFs derived from both sample sizes. In both

Figures, the true PDF and CDF are plotted for comparison.

Upon examination of Figures 2.9 and 2.10, it becomes evident that the quality of the ap-

proximation obtained with MCM is directly proportional to the number of samples employed.

Furthermore, the same applies to the estimation of moments and failure probabilities. Conse-

quently, although MCM is a robust method, it has to evaluate a very large number of samples.

Depending on the problem under study, this can result in a high computational effort to obtain

the desired estimates, in some cases consuming hours or even days of simulation time, making

function that jumps up by1=N at each of theN data points. Its value at any speci�ed value of the measured variable is the
fraction of observations of the measured variable that are less than or equal to the speci�ed value.

5The standard normal distribution is parameterized by a mean of zero and a standard deviation of one.
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its use impracticable for some analyses.

This raises an important question: how should the number of samplesN be de�ned so

that the estimated results are satisfactory from a statistical-probabilistic point of view? The

literature generally presents two distinct methodologies: the �rst involves de�ning a maximum

number of samples based on experience or empirical tests, e.g.,10;000. The second adopts a

statistically sophisticated convergence criterion. The most widely used convergence criterion

corresponds to the one presented in (Pereira and Balu, 1992), which consists of stopping the

simulations when the estimator's coef�cient of variation (� ) is below a given tolerance, e.g.,5

or 2%. To calculate� , apply the expressions (2.65), (2.66), (2.67), and (2.68). In the presented

expressions,b� y is the sample mean;b� 2
y is the sample variance; andb� 2

� y
is the variance of the

expected value.

b� y =
1
N

NX

i =1

g(x i ) (2.65)

b� 2
y =

P N
i =1 [g (x i )]

2 � N f b� yg2

N � 1
(2.66)

b� 2
� y

=
b� 2

y

N
(2.67)

� =

q
b� 2

� y

b� y
(2.68)

When the convergence criterion� is adopted, it is still necessary to set a maximum num-

ber of simulations. This is done solely to avoid in�nite loops in the computational routine,

which may occur due to programming inconsistencies, for example. Moreover, if the function

Y = g(X ) is associated with performance indexes, for example, the number of outages of a

transmission line due to direct lightning strikes, the more robust the system is against failures,

the greater the number of simulations that will need to be evaluated. This also emphasizes the

necessity to adopt a criterion for the maximum number of simulations. In addition to de�ning

the maximum number of simulations, it is also important to de�ne the minimum number of

samples to be evaluated in practice. The objective of this de�nition is to prevent the occurrence

of undesirable oscillations in the estimates that may arise in the initial simulations.

The following chapters will present the application of MCM to the calculation of trans-

mission and distribution line performance rates in the face of overvoltages caused by lightning
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strikes.

2.5 Chapter Summary

This chapter provided a comprehensive review of the fundamental concepts of probability,

with a particular focus on their application in the context of uncertainty assessment. The foun-

dation for comprehending the principal concepts is set theory, which is subsequently expanded

to probability theory. In addition to de�ning common terms, the main analytical equations re-

lated to probability functions, statistical moments, and reliability for discrete and continuous

random variables were presented. It was demonstrated that in several instances, the utiliza-

tion of analytical techniques becomes impractical, necessitating the deployment of numerical

methods to derive the requisite estimates.

Finally, the MCM was presented as one of the most widely used numerical methods for eval-

uating processes involving uncertainties. The principal equations employed by the MCM for

the estimation of statistical moments and reliability were delineated. Furthermore, the method

has been demonstrated to be robust in estimating the probability density function (PDF) and

cumulative distribution function (CDF) of process output variables using histograms and em-

pirical cumulative distribution function (eCDF). It must be acknowledged that, depending on

the process being analyzed, the MCM can require a signi�cant computational cost for the prob-

abilistic assessment of a given con�guration. This can potentially limit the applicability of the

MCM in certain circumstances.
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CHAPTER 3

Lightning Performance of Transmission
Lines

3.1 Chapter Overview

This chapter is dedicated to describing all the models used in the assessment of light-

ning performance (LP) of overhead transmission lines (TLs) using a probabilistic approach.

Additionally, it provides a brief overview explaining how the models are implemented in the

Alternative Transients Program (ATP).

Acknowledging the signi�cance of the historical evolution of LP studies on TLs, a concise

literature review is conducted. This review highlights key contributions, as perceived by the

author, which have been pivotal in the development of studies on the lightning performance of

transmission lines (LP-TLs). For an in-depth evaluation of the advancements in models and

methodologies over the years, it is recommended to explore the references cited in the works

referenced herein.

Subsequently, the modeling of each component of the system, playing a pivotal role in

the assessment of LP, is de�ned, addressed, and justi�ed. In these sections, the aim is to also

establish the key parameters of each model based on the TLs under study. Moreover, as a

prerequisite for the probabilistic approach, the variables of the system to be treated through

their stochastic model will be delineated.

Finally, given the inherent stochastic nature of the problem, particular attention is devoted

to the application of the Monte Carlo Method (MCM). Through an exploration of its strengths

and limitations, this chapter highlights the necessity for alternative methods aiming to reduce

the computational cost involved in LP studies of TLs considering a probabilistic approach.
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3.2 Literature Review

The initial electricity TLs operated on alternating current (AC) date back to the late19th and

early20th centuries (Annestrand, 2003). AC transmission technology advanced rapidly, leading

to the construction of numerous AC lines. However, for several years, most operated as isolated

systems. As transmission distances increased and the demand for electric energy grew, the ne-

cessity to transport larger power blocks arose, making reliability factors crucial. Consequently,

interconnected systems, known as power grids, began to be developed and implemented.

The construction of transmission systems necessitated the design of overhead lines sup-

ported by tall structures for safety and insulation coordination purposes. The elevation of these

TL support structures positioned them as prime targets of lightning strikes. Consequently, light-

ning strikes emerged as one of the leading causes of unplanned system outages in overhead

transmission networks.

In the early20th century, electrical engineers collaborated to investigate the behavior of

transient overvoltages resulting from direct lightning strikes on transmission systems. At that

time, the literature lacked models capable of representing the lightning current waveform and

computational resources to perform lightning transient simulations. Consequently, engineers

and major electrical companies of the era embarked on �eld measurements to understand this

interaction better. The ultimate goal was to develop models and propose improvements for

future projects, as well as enhance existing TLs.

One of the earliest endeavors was conducted by Lee and Foust (1927), wherein they ex-

plored the design and application of an instrument known as the Surge Voltage Recorder. In-

stalled on TLs, this device aimed to measure overvoltages caused by lightning strikes. The

authors demonstrated that the efforts invested in constructing this equipment led to the capabil-

ity of recording surges of up to2 MV with a reasonable degree of accuracy. Given the rapid

transient nature of these overvoltages, typically on the order of microseconds, the instrument

utilized photographic Lichtenberg �gures1 to capture the phenomenon.

For a decade spanning from 1926 to 1935, Lewis and Foust, with the support of major

electric power companies in the United States of America, published a series of studies (Lewis

1Photographic Lichtenberg �gures are intricate, branching patterns that resemble lightning bolts captured in certain materi-
als, particularly dielectrics like acrylic or glass. These patterns are created through the process of Lichtenberg �gure formation,
which involves applying high-voltage electrical discharges to the surface of the material. When the discharge occurs, it leaves
behind a permanent record of its path in the form of these branching, tree-like patterns. The term "photographic" is used because
these �gures can be captured and preserved through photography, allowing for detailed examination and analysis.
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and Foust, 1930, 1931, 1933, 1934, 1935, 1937). These studies documented the effects of

lightning strikes on TLs, correlating the frequency of outages with various characteristics of

each evaluated TL, such as voltage level, height, length, span, and footing resistance. Through

their analyses, the authors demonstrated that the utilization of shield wires served as lightning

stroke terminals, thereby preventing lightning strikes from reaching the conductor phase, and

causing the trip-out of the system. They also highlighted that when a stroke terminated on a

tower, trip-outs were highly likely to occur, especially if the footing resistance was high.

In 1950, the American Institute of Electrical Engineers introduced a guide, prepared by

a working group, aimed at estimating the LP-TLs through analytical methods (AIEE, 1950).

These estimates were grounded in the construction of empirical curves derived from �eld mea-

surements conducted over several years. These curves correlated the frequency of outages with

various factors, such as the positioning of phase conductors and shield wires, the number of

insulators comprised in the strings, span lengths, tower footing resistance, isokeraunic levels,

and lightning current value. This latter, with a peak value based on frequency curves obtained

after years of measurement in transmission towers.

The �rst dedicated effort to estimate the LP-TLs using a probabilistic approach was con-

ducted by J. G. Anderson (1961). In this paper, the author draws a parallel between the process

of estimating performance rates and gambling games, as both entail making useful predictions

from situations involving random processes. To account for the stochastic nature of the problem,

the developed computational program utilizes the MCM, incorporating the following random

variables: peak value and front time of lightning current, lightning location (whether it occurs in

the middle of the span or at the tower), tower footing resistance, instantaneous steady-state volt-

age value at the moment of lightning attachment, and whether the lightning will cause shielding

failure or not. Anderson's results are compared with historical data from nine different TLs with

voltage levels ranging from110 kV to 345 kV, encompassing both wooden poles and steel tow-

ers. Overall, excellent agreements were observed between the estimated and observed values

over the years.

J. G. Anderson continued his research in the subsequent years, focusing primarily on the

statistical treatment of measurement databases of lightning currents. In 1982, through Chap-

ter 12 of reference (EPRI, 1982), the author provided several updates regarding the methods

and models developed up to the publication date of his work. Among the key modi�cations
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compared to the previously mentioned work was the adoption of lognormal PDF to describe

the random nature of the parameters comprising the lightning phenomenon. Additionally, ac-

cording to the author himself, he made efforts to provide the user with a linearized numerical

solution for the assessment of LP-TLs, step by step, that could be performed with nothing more

powerful than a manual calculator.

Anderson further contributed to the development of three works undertaken in IEEE work-

ing groups, (IEEE, 1985, 1993, 1997). In the �rst of these, (IEEE, 1985), several modi�cations

were introduced to incorporate recently available information regarding lightning characteris-

tics. The method was also validated concerning the performance of existing lines and encoded

as a simple Fortran computer program named FLASH. In IEEE (1993), the work was updated to

account for the experience gained in applying the method and testing various component mod-

els. Finally, the guide published in 1997 synthesizes not only the procedures used to estimate

the LP-TLs but also methodologies for improving line design aimed at reducing the number of

outages caused by lightning strikes (IEEE, 1997). Following a series of updates, the FLASH

software was integrated with a more user-friendly interface through MS Excel, wherein all cal-

culations were programmed using C programming language.

Similar to the works developed and published by IEEE, in 1991, a working group of CI-

GRE published a technical brochure with the primary objective of applying modern knowledge

about various aspects of lightning (CIGRE, 1991). This included the striking process, lightning

parameters, overvoltage disturbance mechanisms, and the transmission line's response to over-

voltages, within a set of practical engineering procedures — these procedures aimed to estimate

the expected LP of a line with a reasonable degree of accuracy. While much of the informa-

tion contained in the CIGRE (1991) brochure remains relevant and applicable, new or updated

aspects have recently been published in a new technical brochure (CIGRE, 2021).

Despite the widespread use of the FLASH software in the 1980s and 1990s, since the

year 2000, most studies on LP-TLs published in the literature have relied on time-domain elec-

tromagnetic transient simulation software, such as ATP. Examples of such studies include

(Martínez and Castro-Aranda, 2002; Martinez and Castro-Aranda, 2005; Mariano, 2012; Meire-

les, 2015; Sarajcev, 2015; Nuno et al., 2016; Oliveira, 2018; Almeida, 2020; Almeida et al.,

2021; Datsios et al., 2021; Fan et al., 2022; Zalhaf et al., 2022). The use of ATP software has

gained signi�cant traction in this �eld due to the various mathematical methods incorporated
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into its source code for solving rapid transient phenomena, as detailed in the EMTP Theory

Book (Dommel, 1990). Additionally, the software allows for the integration of the most up-to-

date models used to represent system components and can be seamlessly integrated with other

programming languages.

After understanding this historical context related to the main efforts employed in the devel-

opment of methods and software for evaluating the LP-TLs, the next sections of this chapter aim

to detail each of the models used to represent the lightning phenomenon and the transmission

system.

3.3 Interaction Between Lightning and Transmission Lines

Among all types of lightning �ashes that occur on the planet, those that are of practical

interest for the evaluation of LP of overhead TLs are those that occur from cloud-to-ground,

representing about25%of global lightning activity (CIGRE, 2013). Moreover, from the total

cloud-to-ground lightning �ashes, negative downward type, as represented in Figure 3.1, ac-

count for about90%or more, making them the type of lightning �ash that interacts the most

with transmission and distribution systems (CIGRE, 2021). For this reason, this dissertation

evaluates only the incidence of downward negative lightning �ashes.

Figure 3.1: Downward negative lightning �ash.

Furthermore, as depicted in Figure 3.2, there are three primary forms of interaction between

lightning �ashes and power lines. Each type of interaction is detailed below:

• Case A - Direct strike to phase conductors: Even when the shield wires and phase conduc-

tors of a TL are well-designed, lightning may still strike the phase conductors. However,
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Figure 3.2: Possible points of interaction between lightning �ashes and transmission lines.

in most cases, the lightning currents are not intense enough to cause insulation breakdown.

Conversely, when the TL lacks shield wires or when their positioning is poorly designed,

lightning strikes to the phase conductors are typically associated with high current values,

which statistically leads to insulation breakdown in most cases. This phenomenon, where

lightning strikes the phase conductors directly, is known as shielding failure. Shielding

failure generates an electromagnetic transient, resulting in traveling waves of current and

voltage that propagate along the phase conductor. These waves have a high probability

of exceeding the insulation supportability of the insulator strings23. This exceedance can

lead to the formation of an electric arc and the establishment of a phase-to-ground short

circuit. The insulation breakdown mechanism associated with direct lightning strikes to

the phase conductors is called a �ashover.

• Case B - Direct strike to the shield wires or the tower top - In this case, the shield wires

ful�ll their main objective, i.e., shielding the phase conductors against direct lightning

�ashes. This �ash originates an electromagnetic phenomenon propagating through the

shield wires, the tower, and the grounding. If the overvoltage established between the

tower structure and the phase conductors exceeds the insulation supportability, an electric

arc will form in it, followed by a phase-to-ground short circuit, resulting in line shutdown.

2In reality, it is not the voltage that breaks down insulation but the associated electric �eld. However, from an engineering
perspective, there are several advantages to working with voltage in transient studies. Additionally, since voltage represents the
integral effect of the electric �eld, the essential information about the electric �eld is retained when analyzing voltage waves.

3Usually, the insulation suportability is somehow associated with the CFO. The CFO of insulator strings is de�ned as the
voltage at which there is a50%probability of causing dielectric breakdown when applied across the insulator string. Depending
on the phenomenon, the mechanism to check if there is an insulation breakdown is quite different. More details are presented
in the Subsection 3.10.
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The disruption mechanism associated with this incidence is called back�ashover.

• Case C - It corresponds to the incidence of lightning in regions near the TL, on the ground,

or nearby objects. In this case, current and voltage are induced in the TL by the electro-

magnetic coupling between the electromagnetic �eld produced by the lightning and the

system. Although it is not a consensus, it is usually considered that induced overvoltage

levels are not capable of exceeding the insulation supportability of the transmission system

insulator strings, and indirect lightning, despite being more frequent, is not considered in

the performance evaluation of power lines with voltages exceeding69 kV (CIGRE, 2021).

As mentioned, from an engineering standpoint, it is of practical interest to quantify and

qualify only direct �ashes on transmission lines, whether they occur on phase conductors, shield

wires, or on the tower structure itself.

Both CIGRE (CIGRE, 2021) and IEEE (IEEE, 1997) guides present practical procedures

that allow for the optimization of the positioning of shield wires to provide effective shielding

against direct strikes on phase conductors. For this stage of the TL design, both documents

employ the so-called Eletrogeometric Model (EGM), which is based on the relationships be-

tween the electric potential of the �nal step of the downward leader channel and the magnitude

of the return stroke current, from which striking distance equations were derived. According

to CIGRE (2021), �eld experience on lines with a tower height below50 m indicates that the

EGM generally results in effective shielding angles.

Based on this, it is possible to infer that, if well-designed, a TL will present shutdown

rates due to the shielding failure phenomenon being practically negligible. Indeed, this is true,

as corroborated by deterministic and probabilistic studies conducted by Alvarez (2011) and

Lobato (2014). In all realistic scenarios simulated in both works, for138 kV and230 kV lines,

the results estimate much lower shutdowns due to �ashover than back�ashover. For this reason,

this work will not explore the calculation of performance rates regarding the shielding failure

phenomenon.

On the contrary, the direct incidence of lightning �ashes on the shield wires or tower struc-

ture represents the greatest impact in the LP rates. This type of incidence causes several over-

voltages on the tower structure that are much larger than the phase conductor voltages. If a

voltage difference from phase to tower exceeds a critical value, the back�ashover phenomenon
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occurs. During this electromagnetic transient, the equivalent impedance of the grounding sys-

tem plays a fundamental role in the resulting overvoltage across the insulator strings. In regions

where the ground �ash density (GFD) and soil resistivity are considered high, e.g., in Minas

Gerais state in Brazil, the back�ashover occurrences become the main cause of unplanned shut-

downs of TLs. This phenomenon is one of the main subjects investigated in this work, and for

this evaluation to be carried out, it is necessary to model all the elements involved.

Furthermore, to re�ne the case studies and make them more speci�c, all lightning �ashes

evaluated in the assessment of back�ashover rates are concentrated on the towers, as recom-

mended by IEEE (1997). This restriction is commonly applied in the assessment of LP-TLs

because when lightning strikes the shield wire directly, the current divides into two parts, both

traveling in opposite directions, resulting in reduced overvoltages on insulator strings. How-

ever, to accurately estimate the back�ashover rate, a correction factor is applied to the index to

account for strikes distributed along the shield wires in the span. More details regarding this

factor are presented in Section 3.11.

3.4 Ground Flash Density

In accordance with CIGRE (2021), a primary requirement for most lightning studies is to

have an estimation of the number of lightning �ashes per unit time per unit area, or as it is

better known as, the regional GFD - usually expressed as an annual average, represented by

Ng. Various methods of observation have been employed to characterize regional ground �ash

activity. Some of these techniques offer supplementary data on recorded lightning strikes, such

as their time of occurrence, peak current, and waveform. This information proves invaluable for

designing lightning protection systems for TLs and conducting fault diagnosis and performance

analyses.

Beyond these methods, it is worth highlighting the ground-based lightning location systems

(LLS), which is a network of sensors that detect electromagnetic signals produced by lightning

�ashes. Each sensor in the network measures the characteristics of the waveform associated

with lightning and transmits this information to a central processor. These sensors can operate

across a wide range of frequencies, from ELF4 to UHF5. By combining data from multiple
4ELF stands for extremely low frequencies, and comprehends the range of frequencies within the electromagnetic spectrum

that spans from3 Hz to 30 Hz.
5UHF stands for ultra-high frequencies, and designates the range of radio frequencies spanning from300 MHz to 3 GHz.
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sensors, the central processor can accurately locate lightning events (Nag et al., 2015).

Three other methods commonly used to determine the GFD include lightning �ash coun-

ters, electromagnetic measurement devices primarily detecting electromagnetic �elds at10 kHz

frequency; satellite-based lightning detection systems, and thunderstorm days, also known as

keraunic level, represented byTd. In (CIGRE, 2021), LLS are ranked as the most preferred

source for obtaining lightning GFD data, followed by lightning �ash counters, satellites, and

�nally, when no other options are available, keraunic levels.

With the aim of generalizing the study conducted in this dissertation, the value considered

for Ng is 1 
 =km2=year. This de�nition allows adapting the results obtained for regions with

different values ofNg by only multiplying the shutdown rates by the region'sNg.

3.5 Lightning Current Modeling

As lightning �ashes play a crucial role in the performance of TLs, they have been the

subject of study for decades by various researchers. Among them stands out the swiss Dr. Karl

Berger, who conducted the earliest well-documented studies on the statistics and parameters of

lightning �ashes observed at Monte San Salvatore (MSS) in Switzerland (Berger et al., 1972;

Anderson and Eriksson, 1980).

Since then, numerous other researchers have dedicated themselves to characterizing the

typical parameters of lightning �ashes through measurements taken at instrumented towers in-

stalled in various regions around the world (Schroeder, 2001; Takami and Okabe, 2007). Using

these databases, it has been possible to model the parameters of lightning �ashes as random

variables and consequently describe their probability distributions. According to the different

aforementioned databases, the probability density function (PDF) that best �ts the stochastic

nature of lightning parameters is the lognormal distribution, represented in (3.1).

f (x) =
1

x� x

p
2�

exp

(

�
(ln x � � x )2

2� 2
x

)

; x > 0 (3.1)

where� x corresponds to the mean of the natural logarithm of the random variable and� x to the

logarithmic standard deviation (basee).

In general, for calculating back�ashover rates in TLs, the lightning �ashes of greatest in-

terest are termed �rst return strokes, as these have more detrimental effects due to their higher
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peak current values compared to subsequent strokes. Therefore, this work focuses on the �rst

return strokes.

According to various existing databases (Berger et al., 1972; Anderson and Eriksson, 1980;

Schroeder, 2001; Takami and Okabe, 2007), some speci�c characteristics are observed regard-

ing the �rst return strokes, such as: double peak; impulsive shape; fast wavefront; concave-

shaped wavefront; peak value reached in a few microseconds; and maximum derivative of the

current occurring near the �rst peak. Figure 3.3 shows the typical negative downward �rst re-

turn stroke waveform recorded at the Morro do Cachimbo Station (MCS) (Schroeder, 2001).

The abbreviations represented in Figure 3.3 are described below.

Figure 3.3: A typical current waveform measured at the Morro do Cachimbo Station corresponding to a
negative downward �rst return stroke - de�nition of the main associated parameters. Adapted from

(Schroeder, 2001).

• I p1 - value of the �rst peak of return current.

• I p2 - maximum value of the return current.

• T10 - time interval between the10%and90%amplitudes (relative toI p1) of the current in

the front of the wave.

• T30 - time interval between the30%and90%amplitudes (relative toI p1) of the current in

the front of the wave.
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• T50 - time interval between the instant when the current reaches2 kA (the lowest current

value to be considered representative of a discharge) in the front of the wave, and the point

on the tail relative to50%of the maximum value.

• S10 - average rate of growth of the current between the10%and90%amplitudes (relative

to I p1) in the front of the wave.

• S30 - average rate of growth of the current between the30%and90%amplitudes (relative

to I p1) in the front of the wave.

• TANG - maximum slope of the current wave in the front.

In (Schroeder, 2001), tables with the values of the main parameters associated with �rst

return strokes measured at the Morro do Cachimbo Station (MCS) and Monte San Salvatore

(MSS) are presented. These data are summarized as cumulative probabilities in Table 3.1.

Table 3.1: Parameters of lightning currents measured at the Morro do Cachimbo and Monte San
Salvatore stations. Adapted from (Schroeder, 2001).

Probability 95% 50% 5%
Parameter MCS MSS MCS MSS MCS MSS
I p1 [kA] 22:2 12:9 40:4 27:7 73:3 59:5
I p2 [kA] 24:0 14:1 45:3 31:1 85:2 68:5
T10 [� s] 3:1 1:8 5:6 4:5 9:9 11.3
T30 [� s] 1:4 0:9 2:9 2:3 5:9 5:8
T50 [� s] 19:7 30 53:5 75:0 145:2 200:0

S10 [kA=� s] 3:5 1:7 5:8 5:0 9:6 14:1
S30 [kA=� s] 5:1 2:6 8:4 7:2 13:7 20:0

TANG
[kA=� s]

11:9 9:1 19:4 24:3 31:4 65:0

Charge[C] 2:3 1:1 5:2 4:5 11:6 20:0

In order to mathematically model the waveform of lightning currents, several models have

been proposed in the literature, such as: triangular ramp, double exponential, CIGRE, and Hei-

dler. As described by Giarola (2016), each of the proposed models has its advantages and

disadvantages. However, the model that best �ts the characteristics of current waveforms typ-

ically measured at instrumented towers is given by the sum of seven Heidler functions, each

with a different set of parameters (De Conti and Visacro, 2007). This summation is represented

by (3.2).

i (t) =
7X

k=1
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@

�
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� k = e

�
�
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� 1k

� 1
n k

�

(3.3)

whereI 0k controls the amplitude,� 1k is the front-time constant,� 2k is the decay-time constant,

� k is the amplitude correction factor, andnk is an exponent controlling the steepness of each

current waveformk applied to buildi (t).

In the proposal developed by De Conti and Visacro (2007), the estimated values for each of

the parameters of the seven Heidler functions can represent only the curve of median parameter

values of the �rst return stroke, which prevents their application in probabilistic performance

studies where it is desired to draw parameter values based on their PDFs. In order to overcome

this limitation, Oliveira (2018) proposed an adjustment of the seven Heidler functions as a

function of the drawn value for the �rst peak current (I p1). In this study, the author considered

the statistical correlations between the parametersT30 andI p1, and betweenI p2 andI p1, with I p1

as the predictor variable, as demonstrated in (3.4) and (3.5). The database considered for this

study are based on measurements made at the Morro do Cachimbo station (Schroeder, 2001),

which will be used in the evaluation of LP-TL in this dissertation.

T30 = 0:12 (I P 1)0:87 (3.4)

I p2 = 1:06 (I P 1)1:01 (3.5)

In the methodology proposed by Oliveira (2018), the value ofI p1 is randomly drawn based

on its lognormal PDF, parameterized by� x = ln(40 :4) � 3:6988and� x = 0:37 to account

for statistics from Morro do Cachimbo station (Schroeder, 2001). The values ofT30 andI p2 are

calculated based on (3.4) and (3.5). Subsequently, the values of the multipliers� , � , and� are

calculated according to (3.6), (3.7), and (3.8), respectively.

� = 0:02475I p1 (3.6)

� = 0:3328T30 (3.7)

� = 3:6537

 
I p2

I p1
� 0:8568

!

(3.8)

After calculating the multipliers� , � , and � , they are applied to the parameter vectors

according to (3.9), (3.10), (3.11), and (3.12), where each element of the vector corresponds to
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one of the seven Heidler functions.

I 0 = �
�

6 5 5 8 16:5 17 12� �
�

kA (3.9)

� 1 = �
�

3 3:5 4:8 6 7 70 12
�

� s (3.10)

� 2 = �
�

76 10 30 26 23:2 200 26
�

� s (3.11)

n =
�

2 3 5 9 30 2 14
�

(3.12)

To incorporate updated databases from Morro do Cachimbo station (Visacro et al., 2012;

Silveira and Visacro, 2020), a new study would be required to adjust the parameters� , � , and

� . However, this falls outside the scope of this work, and utilizing the procedure proposed by

Oliveira (2018) with the databases he processed is adequate for conducting studies considering

the random nature of the lightning phenomenon.

A direct lightning �ash to the TL is usually modeled as an ideal current source in parallel

with the resistance, the value of which represents the lightning-channel surge impedance. To

include the discharge channel model, it is considered a lumped resistor in parallel with the

lightning current source (Sarajcev, 2015). This value usually ranges from400 
 to 1;500 
 and

is hereafter assumed at400 
 , since according to recent literature (Datsios et al., 2019), it is the

most appropriate value for back�ashover studies.

It is important to highlight that, although the currents of negative downward lightning

�ashes have negative polarity as represented in Figure 3.3, in the simulations carried out, it

is represented the curve with positive polarity solely to facilitate the representation of current

and overvoltage waves and to simplify the visualization of the results.

3.6 Transmission Line Modeling

The TLs under study must be modeled to ensure their accurate representation across the

frequency range where electromagnetic phenomena occur. In this context, the representation

according to the J. Marti model (Marti, 1982) is considered, which is capable of capturing the

variation of TL parameters as a function of frequency. This model is widely used in studies

of electromagnetic transients in overhead TLs (Moura, 2014). The input data for the model
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(a)138 kV. (b) 230 kV.

Figure 3.4: Tower silhouettes (out of scale).

include the frequency range, length of the TL, soil resistivity, presence of transposition and skin

effect, and data related to the conductor and shield wires. It is worth noting that the skin effect

is considered, but the transposition effect is not represented.

For sensitivity analysis, two TL models are considered. The �rst corresponds to a138 kV

TL, and the second to a230 kV TL. The arrangement of the conductors on the towers can be

better understood by analyzing Figure 3.4. The data regarding the analyzed TLs are described

in Tables 3.2, 3.3, 3.4, and 3.5.

Table 3.2: Conductors' data for the138 kV TL.

Conductor
Internal radius

[cm]
External radius

[cm]
DC Resistance

[
 =km]
X

[m]
Y

[m]
Sag
[m]

Phase A 0:238 0:716 0:2988 � 2:75 22:15 11:54
Phase B 0:238 0:716 0:2988 2:75 20:35 11:54
Phase C 0:238 0:716 0:2988 � 2:75 18:55 11:54

Shield wire 0:0 0:397 4:58 0:0 26:55 8:57

Table 3.3: Supplementary data regarding the138 kV TL.

Insulator string length[m] 1:504
Soil resistivity[
 m] 2 ;400

Span length[m] 333

For both transmission systems, the frequency of the transformation matrix used in J. Marti

model is500 kHz6. As illustrated in Figure 3.5, it is considered seven transmission towers and

six spans, with lengths according to the data provided in Tables 3.3 and 3.5. Transmission lines
6This value was de�ned after extensive trial and error to obtain the optimal value. However, it is very important to mention

that for the overhead conductors studied here, varying this frequency would not numerically change the �nal results.
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Table 3.4: Conductors' data for the230 kV TL.

Conductor
Internal radius

[cm]
External radius

[cm]
DC Resistance

[
 =km]
X

[m]
Y

[m]
Sag
[m]

Phase A 1:101 3:67 0:1 � 6:1 25:03 12:345
Phase B 1:101 3:67 0:1 0:0 25:03 12:345
Phase C 1:101 3:67 0:1 6:1 25:03 12:345

Shield wire 1 0:0 0:475 3:4 � 4:0 30:5 8:6
Shield wire 2 0:0 0:475 3:4 4:0 30:5 8:6

Table 3.5: Supplementary data regarding the230 kV TL.

Insulator string length[m] 2:163
Soil resistivity[
 m] 2 ;400

Span length[m] 400

of 5 km length are connected at the ends, a suf�cient value to prevent undesirable overvoltage

re�ections at the point under analysis.

Figure 3.5: Illustration of the transmission system topology used in the simulations.

3.7 Tower Modeling

Modeling transmission towers is of great importance in transient analysis. However, this

task is inherently complex, primarily due to the diversity of structures and the dif�culty in ob-

taining voltage and current measurements on these structures. Therefore, it is common practice

to represent towers using circuit parameters, which facilitates their use in available simulation

applications, e.g., ATP.

Due to the short rise times associated with lightning phenomena, most models consider

only the transverse electromagnetic effect of the wave, neglecting other types of radiation (CI-

GRE, 1991). This approach allows the tower to be modeled as a vertical, lossless, single-phase

transmission line with distributed parameters, characterized by a surge impedance (ZT ) and a
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propagation velocity (v).

A detailed review of the main tower models proposed in the literature is thoroughly con-

ducted in (Silva, 2023). Among the methodologies presented, this dissertation is particularly

interested in those that �t into the Multiconductor Models, such as those proposed in (De Conti

et al., 2006) and (Hara and Yamamoto, 1996). The Multiconductor Models divide the tower

into several sections, with each section consisting of multiple conductors or a single equivalent

conductor.

Although the model proposed by De Conti et al. (2006) does not take into account the

crossarms that are part of the tower structure, this methodology has been widely used for mod-

eling self-supporting towers operating at the138 kVvoltage level (Giarola, 2016; Oliveira et al.,

2017; Almeida, 2020; Almeida et al., 2021). In the study conducted by Almeida (2020), the

author compares the modeling proposed by De Conti et al. (2006) with the Hybrid Electromag-

netic Model (HEM) modeling (Visacro and Soares, 2005), which is considered more robust and

physically consistent from the electromagnetic modeling standpoint7, and demonstrates that the

percentage deviations in the line's back�ashover rates are small, i.e., less than4%.

For towers at the230 kVvoltage level, their larger dimensions and more complex structures

require careful selection of the tower model to be used. A recent study conducted by Assunção

(2023) proposes using the model by Hara and Yamamoto (1996) for modeling230 kV towers.

This method has been empirically validated and allows for the consideration of crossarms and

other horizontal structures that are part of the tower.

In light of the above, this work employs the De Conti et al. (2006) model for the138 kV

tower, while the Hara and Yamamoto (1996) model is used to represent the230 kV tower. A

brief description of the calculations performed is presented in subsections 3.7.1 and 3.7.2.

3.7.1 138 kV transmission tower

To apply the De Conti et al. (2006) model, the analyzed tower must be segmented into four

parts: from the top of the tower to the base of the �rst crossarm (S1), from the base of the �rst

crossarm to the base of the second crossarm (S2), from the base of the second crossarm to the

base of the third crossarm (S3), and from the base of the third crossarm to the ground (S4), as

7Despite the fact that the HEM is considered more robust and physically consistent than other tower modeling approaches,
it cannot be directly integrated with time-domain simulation software.

Coelho, Alex J. C.



51 3.7. Tower Modeling

shown in Figure 3.6. Each segmented part is treated as a uniform parallelepiped by averaging

the distances separating the elements at the base and at the top of the segment.

Figure 3.6: 138 kV transmission tower segmentation and its equivalent model (out of scale).

Since most transmission towers have lattice structures with non-uniform cross-sections, an

equivalent radius of0:065 mis assigned to the metallic parts of the tower. With this de�nition,

the self-impedance and mutual impedance of each leg of the segments are calculated using

expressions (3.13) and (3.14), respectively.

Z ii = 60

 

ln
4h
r

� 1

!

(3.13)

Z ij = 60 ln
2h +

q
4h2 + d2

ij

dij
+

30dij

h
� 60

s

1 +
d2

ij

4h2
(3.14)

whereh is the conductor height relative to the ground surface (in meters),r is the conductor
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radius (in meters), anddij is the distance between the centers of conductorsi andj (in meters).

The equivalent impedance of each segment is composed of the average contributions of the

self and mutual impedances of each of the four vertical conductors that make up the segment.

Its calculation is given by expression (3.15).

Zeq =
P 4

j =1 Z1j

4
(3.15)

The results obtained from applying this methodology are summarized in Table 3.6.

Table 3.6: Surge impedance calculation process for each segment of the138 kV tower.

Segment
r h d ij Z ii Z ij Zeq

[m] [m] [m] [
] [
] [
]

S1 0:065 26:55

— 383:92 —

303:30
0:35 — 283:30
0:35 — 283:30
0:495 — 262:67

S2 0:065 23:654

— 377:0 —

265:60
0:7 — 235:27
0:7 — 235:27
0:99 — 214:84

S3 0:065 21:854

— 372:24 —

260:90
0:7 — 230:60
0:7 — 230:60
0:99 — 210:20

S4 0:065 20:054

— 367:08 —

188:65
3:35 — 135:45
3:35 — 135:45
4:738 — 116:63

Finally, to implement the model in ATP, four lossless transmission lines with distributed

parameters are inserted in series to represent the four segments. Each line is represented by its

equivalent surge impedance, segment length, and propagation velocity. For all segments, this

last parameter is de�ned as80%of the speed of light in vacuum, i.e.,2:4 � 108 m=s.

3.7.2 230 kV transmission tower

According to the studies conducted by Assunção (2023), the use of Hara and Yamamoto

(1996) model is adequate for modeling the230 kV transmission tower due to the possibility

of considering the crossarms and horizontal components. The mathematical elaboration of the

model begins by segmenting the tower properly as made by Assunção (2023) and represented

in Figure 3.7.
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Figure 3.7:230 kV transmission tower segmentation. Adapted from (Assunção, 2023).

The �rst segment consists of both vertical and horizontal components, the second segment

has only horizontal components, while segments three, four, and �ve have only vertical compo-

nents. Following the model proposed by Hara and Yamamoto (1996), the vertical components

of the segments are modeled by two parallel impedances, denoted asZT and ZL , whereas

the horizontal components are modeled by a single impedanceZA . The calculation of these

impedances is performed using (3.16), (3.17), and (3.18), respectively.

ZT = 60

"

ln

 
2
p

2h
req

!

� 2

#

(3.16)
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ZL = 9 ZT (3.17)

ZA = 60 ln

 
2hc

r c

!

(3.18)

wherereq is the equivalent radius of the vertical cylinder forming the segment;h corresponds to

the height of the segment relative to the ground;hc is the height of the tower cross-arm relative

to the ground; andr c is the equivalent radius of the cross-arm (approximately equal to1=4 of

the cross-arm width at the tower side), with all these measurements given in meters.

The length of the lossless transmission lineZT is de�ned aslT , while the length of the

lossless transmission lineZL is de�ned aslL = 1:5lT . The line length related toZA is repre-

sented bylA . The equivalent radius of each segment present in (3.16) is calculated according to

expression (3.19).

req = 2 (1=8)
�
r (1=3)

T r (2=3)
B

� 1=4 �
d(1=3)

T d(2=3)
B

� 3=4
(3.19)

where:

r = r (1=3)
T r (2=3)

B (3.20)

d = d(1=3)
T d(2=3)

B (3.21)

The parametersrT andrB correspond to the radius at the top and base of each leg of the

segment, respectively.dT anddB represent the distances between adjacent legs at the top and

base, respectively. Note that since the tower is divided into four sections, each section has

speci�c values forrT ; rB ; dT anddB .

The respective calculations of the impedancesZT , ZL , andZA for the same230 kV tower

model, with identical dimensions, are detailed in (Assunção, 2023). Therefore, it is recom-

mended to consult this reference for a comprehensive understanding of how the radii of each

segment are de�ned and how the angles in each part of the structure are considered. Assuming

the results obtained by Assunção (2023), a summary is presented in Table 3.7.

To complete the description of the modeling, it is noted that Hara and Yamamoto (1996)

propose the propagation speed of the wave through the segments to be equal to the speed of light

in vacuum, i.e.,3 � 108 m=s. This recommendation is based on the smaller errors observed in

the experiments conducted (Hara and Yamamoto, 1996).
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Table 3.7: Impedance values and length of each segment of the230 kV transmission tower.

Segment
ZT lT ZL lL ZA lA
[
] [m] [
] [m] [
] [m]

1 201:3 2:5 1;881:8 3:75 333:04 2:1
2 — — — — 275:21 4
3 223:37 2 2;010:4 3 — —
4 194:43 5:97 1;749:9 8:96 — —
5 81:58 19:4 734:22 29:1 — —

The illustration presented in Figure 3.8 aims to facilitate the reader's understanding of how

the impedances of the various segments are connected in the ATP.

Figure 3.8: Connections con�guration of the230 kV tower segment impedances.

3.8 Ground Modeling

Grounding systems play a fundamental role in calculating the performance of TLs, notably

in reducing the overvoltages observed at the terminals of insulator strings and, consequently,

in reducing back�ashover rates. In Brazil, the grounding systems commonly employed in TLs

consist of horizontal electrodes, called counterpoise cables. In the case of self-supporting trans-

mission towers, typically,4 counterpoise cables are installed starting from the tower's feet and

extending diagonally towards a point below the right-of-way limit of the lines. Beyond this

point, the cables run parallel to the right-of-way until reaching a pre-speci�ed lengthL. Figure

3.9 illustrates the arrangement model of counterpoise cables for the138 kV and230 kV lines

considered in this study.
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Figure 3.9: Con�guration of the counterpoises of the TLs under study.

Lightning-related currents encompass a broad spectrum of frequencies, ranging from a few

Hz to MHz. When the grounding system of a transmission tower is subjected to a phenomenon

with this characteristic, the inductive and capacitive effects become signi�cant, thus necessi-

tating the use of impedance concepts. In this context, one of the simplest ways to represent

the grounding system is by modeling it through the concept of impulse impedance (Zp). This

concept is de�ned by the relation between the maximum potential rise at ground level and the

maximum value of the injected impulse current (Visacro, 2018). It is noteworthy to emphasize

that the value ofZp depends on the current injection points and the waveform of the applied

current, besides the soil and geometric parameters.

In this work, differentZp values are considered, ranging from5 to 100 
 . In the ATP

software, impulse impedance is modeled using a lumped resistor, with its resistance value set

to the considered impulse impedance (Visacro, 2018).

3.9 Steady State Voltage

During the transient period corresponding to the lightning incidence on the transmission

system, the resulting voltage in the insulator strings is the difference between the voltage ob-

served on the tower structure and the steady-state voltage propagating along the phase conduc-

tors. Therefore, it is important to consider the variation in the amplitude of the steady-state

voltage waveform, which propagates at the frequency of50or 60 Hz. This consideration is cru-

cial because, depending on the amplitude of the steady-state voltage, it has the ability to either

increase or decrease the effects of the resulting overvoltage on the insulator strings.

Naturally, since the moment of lightning incidence cannot be predicted, the most suitable
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way to consider the nature of such variation and its effect on the LP-TL is by considering the an-

gular variation of the steady-state voltage. This variation is modeled as a uniform PDF, ranging

from 0 to 2� , thus encompassing a full cycle variation of the sinusoidal waveform. Considering

that the transmission systems under analysis have3 phases, the value of the reference angle

� �! [0; 2� ] is initially randomized, followed by the calculation of voltage amplitudes in each

phase according to (3.22), (3.23), and (3.24).

VA = Vp sin (� ) (3.22)

VB = Vp sin
�

� +
2�
3

�

(3.23)

VC = Vp sin
�

� �
2�
3

�

(3.24)

whereVp is the peak of the steady-state voltage.

3.10 Insulator Strings Modeling

The disruption models are responsible for indicating whether, based on the resulting over-

voltages on the insulator strings, an electrical arc will form between the phase conductor and the

grounded tower structure. Once this electrical arc is formed, it can be sustained by the steady-

state voltage, given the low impedance path of the plasma channel. The sustained electrical arc,

even after the current wave of the lightning has ceased, will trigger the line's protection systems,

taking it out of operation for safety reasons.

The simplest disruption method is called the volt-time curve (Vxt), which represents the

relation between the instantaneous voltage value observed and the time required to achieve

disruption. The Vxt curve was developed through tests conducted with standardized double

exponential current waveforms in the format1:2=50� s. The use of this method is proposed

in the guideline (IEEE, 1997). Essentially, the method involves comparing the instantaneous

voltageu(t) observed across the insulator strings with the voltage valueuV � t (t) calculated

using (3.25). Ifu(t) > u V � t (t), then disruption is considered to have occurred. An illustrative

example of the method is shown in Figure 3.10.

uV � t (t) =
�

400 +
710
t0:75

�

l is (3.25)
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wheret is the time instant in� s; l is is the length of the insulator string inm; andvv� t (t) is the

voltage inkV.

Figure 3.10: Application example of volt-time curve method.

As per (CIGRE, 2021), the simple Vxt curve disruption method has notable shortcomings.

These include: the Vxt curve method overlooks voltage variation before the intersection point,

which contradicts the physical �ashover development process, and it is not applicable to mul-

tiple �ashover studies. Despite these limitations, the Vxt curve approach offers convenient and

accurate estimates of back�ashover rates, even with manual calculations (EPRI, 1982) as cited

by (CIGRE, 2021).

The second disruption model under consideration in this study is the integration method,

also known as the Disruptive Effect method (DE). The DE method was initially developed by

Witzke and Bliss (1950) to assess the insulation withstand capability of oil-insulated transform-

ers subjected to voltage surges. Some years later, Jones (1954) delved into the potentials and

limitations of the DE method. Caldwell and Darveniza (1973) were among the �rst researchers

to conduct experimental investigations into applying the DE method to air gaps and insulator

strings.

The DE method concept relies on integrating the resultant voltage curve across the insulator

string over time, starting from the moment when the voltage valueu(t) exceeds the critical value

U0, as depicted in (3.26). Disruption of the insulator string occurs when the integral effect,

represented byDE , surpasses a threshold de�ned asDE b, i.e.,DE > DE b. The application of

the DE method is presented using an illustrative example shown in Figure 3.11.
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DE =
� te

ts

(u(t) � U0)k dt (3.26)

where:

• ts is the time instant in which the voltage exceeds the thresholdU0;

• te is the time instant afterts, in which the voltage returns to below the thresholdU0;

• u(t) is the instantaneous voltage observed across the insulator string terminals;

• U0 is a critical voltage of the insulator strings;

• k is an empirical constant determined by testing standards.

Figure 3.11: Application example of DE method.

According to Hileman (1999), the parametersDE b andU0 for glass or porcelain insulators

of TLs are determined based on the Critical Flashover Voltage (CFO) of the line, calculated as

per (3.27) and (3.28). The value considered by Hileman (1999) for the constantk in (3.26) and

(3.27) is1:36.

DE b = 1:1506� CFOk (3.27)

U0 = 0:77� CFO (3.28)
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TheCFO values for the138 kV and230 kV TLs under analysis are, respectively,650 kV e

1;090 kV (Assunção, 2023). Therefore, theDE b andU0 values calculated based on these data

and the described equations are presented in Table 3.8.

Table 3.8: Parameter values of the DE method to model the insulator strings.

Line Voltage
[kV]

DE b

[kV � � s]
U0

[kV]
138 7;699:93 500:5
230 15;553:36 839:3

Another method widely commented in the literature to assess the disruption effect of insula-

tor strings is the Leader Progression Model (LPM) (Dellera and Garbagnati, 1990). This model

encapsulates the physics governing the progression of ionized channels, which advances in

stages. Although this model offers a more succinct representation of the physical phenomenon

of electric arc formation along insulator terminals, it is acknowledged in the literature as chal-

lenging to ascertain the parameters needed to model this process mathematically. Therefore,

the LPM will not be considered in this study.

For the purpose of simulating electromagnetic transients using ATP software, Vxt curve

and DE methods are implemented through Models8 language, as detailed in (Giarola, 2016).

3.11 Lightning Performace Assessment of Transmission Lines using Monte

Carlo Method

After de�ning the physical-mathematical models for each component of the TLs, it is nec-

essary to understand the appropriate way to use a probabilistic approach in computing the per-

formance rates of the line under analysis. As previously discussed in the relevant sections, some

inherent variables of the problem exhibit stochastic behavior, such as the lightning current and

the instantaneous values of the line's steady-state voltages.

Since its initial proposal by J. G. Anderson (1961), most probabilistic studies of LP-TLs

have employed the Monte Carlo Method (MCM). Some of them considered only peak current

as input random variable (Almeida et al., 2021), while others considered peak current, steady-

state voltage amplitude, grounding impedance, and coordinates of the strike point, among others

8Models are computational routines speci�cally developed for ATP software, which are executed during simulations.
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(Martínez and Castro-Aranda, 2002). This method involves a sequence of simulations, each

iteration using a distinct set of values obtained through random sampling based on a PDF.

In the case of back�ashover rate (BFOR) estimation proposed in this dissertation, the BFOR

is the random output variable estimated by MCM. Consequently, the convergence criterion�

presented in the previous chapter is calculated with respect to BFOR. For each simulation in

MCM, the peak current (I p1) and voltage angle (� ) are randomly drawn based on their respective

PDFs. The electromagnetic transient is evaluated using ATP and, if the overvoltage observed

on the insulator string exceeds the threshold de�ned by the breakdown model (Vxt curve or

DE method), the disruption counterNd is incremented, and the BFOR is updated according to

(3.29).

BFOR = 0 :6 � Ng � Lw �
Nd

N t
�

100
1000

[
 =100 km=year] (3.29)

Each component of (3.29) is detailed as follows:

• 0:6 is the span factor due to the in�uence of lightning strikes that hit the shield wires along

the spans;

• Ng is the ground �ash density (GFD) given in
h
events=km2=year

i
;

• Lw is the lateral width of attraction calculated using (3.30) as proposed by Eriksson

(1987);

• Nd is the number of insulator breakdowns;

• N t is the total number of simulations;

• 100
1000 is a correction factor applied to BFOR to express it in the unit of the number of

�ashovers (or breakdowns) per 100 km of line per year;

Lw = dsw + 2 � (14H 0:6
sw ) (3.30)

In (3.30)dsw is the distance between shield wires, if more than one is installed; otherwise,

it is zero. Hsw is the average height of the most exposed shield wire, in�uenced by the terrain

pro�le. It is calculated according to (3.31), assuming a �at terrain, whereYT sw is the height of

the shield wire at the tower, andSagsw is the length of the shield wire sag.
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Hsw = YT sw �
2
3

(Sagsw) (3.31)

From a computational standpoint, it is impractical to manually draw the random samples,

run the ATP, and process the results. This process must be automated to optimize the user's

time and minimize errors in the estimated results. Based on this important consideration, the

computational routine developed for this application uses the Julia programming language to

con�gure the electromagnetic transient simulations to be executed via ATP. This interface is

established by writing �les speci�cally con�gured for reading by the ATP. After simulating

the transient, the ATP provides the output variable values (e.g., voltages on insulator strings

for each discrete simulated time value) via �les, which can be read and processed using Julia.

In the literature, other programming languages have also been used to create this interface with

ATP such as C++ (Meireles, 2015) and MATLAB (Oliveira, 2018; Almeida, 2020). A �owchart

detailing the step-by-step process of the routine implemented in this work is presented in Figure

3.12.

Despite its numerous advantages, the MCM applied in LP-TL studies has a signi�cant

drawback: it requires, via ATP, the evaluation of a sizeable number of samples of the input

random variables via. This necessity can lead to undesirable execution times, primarily due to

the computational demands of electromagnetic transient assessments. As discussed, robust sys-

tems exhibit rarer failure events, which can further exacerbate the issue of computational cost,

as the software will take even more time to estimate the LP in such cases. For example, Oliveira

(2018) reported an approximate time of85minutes for evaluating1;500samples. However, the

author did not provide details about the processor used. Almeida (2020) mentioned a similar

computational time in his interface, for processing20;000 samples. In this work, the author

noted the use of an Intel Core i5 8th Generation processor and8 GB of RAM.

It should be highlighted that these computational times correspond to a single LP assess-

ment. However, during the design of a TL, engineers must perform this estimation for each

detail or set of details they modify in the project, thereby intensifying the computational cost

issue even further. Moreover, time is money, meaning that research aimed at reducing compu-

tational costs in LP-TLs is of great interest to companies in the sector.

During the literature review, numerous studies were identi�ed that proposed the probabilis-

tic approach for estimating LP-TLs via the MCM (Martínez and Castro-Aranda, 2002; Martinez
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Figure 3.12: Flowchart showing the step-by-step application of the MCM to estimate the BFOR.

and Castro-Aranda, 2005; Mariano, 2012; Meireles, 2015; Sarajcev, 2015; Nuno et al., 2016;

Oliveira, 2018; Almeida, 2020; Almeida et al., 2021; Datsios et al., 2021; Fan et al., 2022; Zal-

haf et al., 2022). Nevertheless, to the best of the author's knowledge, only two methodologies

were found that proposed accelerating the BFOR estimation process (Martinez Velasco et al.,

2018; Almeida et al., 2021).

The methodology presented by Martinez Velasco et al. (2018) proposes the application of

parallel computing for the evaluation of electromagnetic transients via ATP. The proposed par-

allelization process was distributed across50cores, with details of the multicore setup provided
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at the end of the article (Martinez Velasco et al., 2018). The authors reported that in previous

experiments, such as in (Martínez and Castro-Aranda, 2002) and (Martinez and Castro-Aranda,

2005), the average time to evaluate8;670 states was over7 hours. With the proposed paral-

lelization methodology, this time was reduced to approximately12 minutes, demonstrating a

signi�cant computational gain. It is important to highlight that the authors used the following

random variables: peak current, front time, and tail time of the lightning waveform, all assumed

to be independent random variables; stroke location; and angle of the phase voltages.

In the work developed by Almeida et al. (2021), the authors propose combining the conver-

gence criterion� described in Chapter 2, with the evaluation of the error in the sampled peak

current distribution. In summary, for each new state evaluated, the error of the peak current

samples is checked against the percentiles5%, 10%, 30%, 50%, 70%, 90%, and95%relative to

the population percentiles represented by its PDF. If the error in all sample percentiles is less

than5% compared to the population percentiles and the convergence coef�cient� is less than

10%, then the process is said to have converged. This methodology was applied to a138 kVline

and demonstrated a reduction in the total number of states evaluated by up to58%in its most

robust con�gurations of impulse ground impedance, e.g.,10 
 and20 
 .

Despite the signi�cant computational gains achieved in (Martinez Velasco et al., 2018) and

(Almeida et al., 2021), both methodologies continue to rely on the MCM. Furthermore, in

(Martinez Velasco et al., 2018), the acquisition of equipment that allows parallelization across

multiple cores is necessary, which can lead to substantial costs. Additionally, despite the par-

allelization, the total number of samples to be evaluated remains unknown. The methodology

proposed in (Almeida et al., 2021) is primarily limited by its validation only for problems where

the peak of the lightning current is the sole random variable considered. In problems with more

than one random variable, further tests and validations are needed, as the percentile errors must

be evaluated for the additional random input variables, and consequently reduce the computa-

tional gains.

In this context, the problem that this dissertation aims to solve is the development of a robust

probabilistic methodology to estimate the BFOR independently of the MCM. This methodol-

ogy is based on the Unscented Transform Method (UTM), which allows the propagation of

probabilistic information through the mathematical model using a �xed number of strategically

selected samples. This approach ultimately estimates the BFOR while consuming minimal
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computational time. To validate the proposed method, the results obtained will be compared

against those derived from the MCM. It should be pointed out that the initial steps concern-

ing the development of the methodology proposed here were presented in (Coelho et al., 2023,

2024a,b), and its details will be better discussed in Chapter 5.

3.12 Chapter Summary

This chapter begins with a concise literature review on the performance calculation of trans-

mission lines in the face of lightning strikes, aiming to illustrate the historical context that led to

the development of the main methodologies used in this type of study. Subsequently, the chap-

ter delves into the physical-mathematical modeling of the key components of the transmission

system that in�uence performance rate estimation, providing key information on the construc-

tion of models to be simulated using ATP software. Additionally, wherever possible, the most

physically consistent and scienti�cally accepted models were adopted.

In summary, only negative downward lightning strikes impacting the tops of transmission

towers are considered. The lightning current is modeled as the sum of seven Heidler functions,

with statistical parameters based on measurement data from the Morro do Cachimbo station.

The transmission line is modeled using the J. Marti model, which accounts for the variation of

line parameters with frequency. The138 kV and230 kV transmission towers are represented

by a combination of lossless single-phase lines with distributed parameters according to the

models by De Conti et al. (2006) and Hara and Yamamoto (1996), respectively. The grounding

is represented by its impulse impedance. The steady-state voltages are considered stochastic

concerning their reference angle, consequently modifying their amplitudes. Two methods are

used to represent the breakdown of insulator strings: the Vxt curve method and the DE method.

Analyzing the applications of the probabilistic approach via the Monte Carlo Method pro-

posed in the literature to calculate BFOR, it was found that the computational cost related to

simulations in the ATP software can be signi�cantly high. This underscores the need for more

ef�cient alternatives, such as the methodology proposed in this dissertation. This methodology,

to be presented in detail in Chapter 5, aims to accelerate the process of estimating performance

rates without relying on the Monte Carlo Method, thus introducing a novel approach for both

the academic and industrial communities.
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CHAPTER 4

Lightning Performance of Distribution Lines

4.1 Chapter Overview

This chapter is dedicated to the modeling of distribution lines (DLs) for lightning perfor-

mance (LP) studies using a probabilistic approach via the Lightning Power Electrical System

Transient Overvoltages simulator (LIGHT-PESTO). Each system component that plays a crit-

ical role in calculating the lightning performance of distribution lines (LP-DLs) is modeled

following well-established methodologies in the literature. Additionally, the random variables

present in the stochastic approach are thoroughly de�ned. It is important to note that common

aspects of both transmission lines (TLs) and DLs that have already been discussed in Chapter 3

will not be covered in detail in this chapter.

Finally, the chapter presents key developments published in the literature aimed at reducing

the computational effort required for LP calculations using the probabilistic approach. Despite

the various studies conducted to address this issue, the necessity of exploring alternative meth-

ods for further reducing computational effort is demonstrated.

4.2 Interaction Between Lightning and Distribution Lines

As with TLs, lightning can interact with DLs either directly or indirectly. When lightning

directly strikes the DL conductors, whether these are shield wires or phase conductors, it is

recognized that due to the reduced insulation level of the DL, it will result in electrical disruption

of the insulators (IEEE, 2011). However, because DLs are smaller structures compared to TLs

and are usually surrounded by other structures, the frequency of direct lightning strikes to DLs
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is statistically lower.

Conversely, indirect strikes are considerably more probable than direct ones, although they

are less severe. As DLs have lower insulation levels compared to TLs, the probability of an

indirect event causing a �ashover is signi�cantly higher. In such instances, it is essential to

calculate the electromagnetic �elds generated by the lightning current propagating along the

channel, evaluate the electromagnetic coupling between the �elds and the DL conductors, and

assess whether the induced voltages will exceed the failure threshold of the insulators.

Therefore, since both direct and indirect lightning events have the potential to cause insula-

tion breakdown and consequently lead to line outages, studies of LP-DLs should consider both

types of events to obtain accurate estimates of the expected number of outages due to lightning

interactions. The distinction between direct and indirect strikes is mathematically de�ned by an

incidence model. Among the incidence models proposed in the literature, the Eletrogeometric

Model (EGM) (IEEE, 2011) stands out. The EGM correlates lightning strike mechanisms with

the geometric parameters of DLs through the concept of an attraction radius. The model aims to

determine if the lightning will directly strike on the DL conductors or in the vicinity of the line

by considering the current intensity and the location of the lightning channel, which is assumed

to follow a vertical path (IEEE, 2011).

To determine the point of incidence, (4.1), (4.2) and (4.3) are used (IEEE, 2011).

r s = 10 � I 0:65 (4.1)

rg = 0:9 � r s (4.2)

yEGM =
q

r 2
s � (rg � h)2 (4.3)

whereI is the peak value of lightning current,h is the height of the most exposed conductor;

r s andrg are the attraction radii to the conductors and ground, respectively. TheyEGM distance

represents a threshold value. On one hand, if the distance between the lightning strike point

and the DL is lower thanyEGM , it is considered a direct strike. On the other hand, if the

lightning strike is farther from the DL thanyEGM , it is considered an indirect event, requiring

the calculation of electromagnetic �elds and �eld-to-line coupling.

Similarly, it is common to de�ne a maximum distance (ymax ) such that lightning strikes

occurring at points where the distance to the line exceedsymax do not pose a risk of induced
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voltages surpassing the basic insulation level of the DL, regardless of the current value (IEEE,

2011). To establish theymax distance, the extension of Rusck's formula proposed by Darveniza

(2007) is used. This formula is presented in (4.4).

ymax =
� 38:8 � I 95

1:5 � CFO

�

�

 

h +
0:15
p � g

!

(4.4)

whereI 95 is the peak current with a cumulative probability of95%, h is the height of the upper

conductor, CFO is the Critical Flashover Voltage of insulators, and� g is the ground conductivity.

The factor1:5 that multiplies the CFO in (4.4) is an approximation that accounts for the

turn-up in the insulation volt-time curve (IEEE, 2011). If the maximum induced voltage across

the insulator (Vmax ) exceeds1:5 times the CFO, then a �ashover is considered to have occurred;

otherwise, it is not. Figure 4.1 illustrates the use of the EGM and the Rusck-Darveniza model

for determining whether a direct strike or an indirect strike can cause insulation �ashover.

Figure 4.1: Determination of direct and indirect strikes. Adapted from (IEEE, 2011).

The lightning events of greatest interest are those located between0 andymax . Each and

every point within this interval has an equal probability of occurrence, thus the random variable

y, representing the distance between the DL and the lightning strike point, can be modeled by a

uniform PDF according to (4.5) (IEEE, 2011; Borghetti et al., 2007).

f (y) =
1

ymax
(4.5)
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4.3 Lightning-Induced Voltage Modeling

If the lightning strike point is betweenyEGM andymax , the calculation of lightning-induced

voltage must be performed. In fact, this is a complex task that can be divided into two main

analyses: the computation of the electromagnetic �elds and the solution of the �eld-to-line

coupling problem. Details of both analyses are presented below:

• Electromagnetic �elds computation: In this step, the electromagnetic �elds generated by

the return stroke current must be calculated using Maxwell's equations. There are three

main components to evaluate: the vertical and radial electric �elds, and the azimuthal

magnetic �eld (Rachidi et al., 1996). The accurate estimation of the electromagnetic �elds

depends on the correct modeling of the current waveform propagating along the lightning

channel. Key parameters to consider in the electromagnetic �elds computation include

channel height, return stroke velocity, the current waveform (especially its peak value and

front time), and soil characteristics such as permittivity and conductivity. As reported by

some researchers (Rachidi et al., 1996; Rubinstein, 1991), the vertical component of the

electric �eld and the azimuthal magnetic �eld can be reasonably approximated by assum-

ing the ground as a perfect conductor. However, the radial component of the electric �eld

is strongly affected by the ground's �nite conductivity (Rachidi et al., 1996). The exact

solution for this component involves the evaluation of slowly converging Sommerfeld in-

tegrals, which do not have an analytical expression in the time domain. To address this

issue, several approximate solutions have been proposed, with the Cooray-Rubinstein cor-

rection being among the most effective. This correction was proposed by (Cooray, 1994;

Rubinstein, 1996) in the frequency domain and by (Caligaris et al., 2008; Del�no et al.,

2011; Andreotti et al., 2015a,b) in the time domain. Finally, the points at which the elec-

tromagnetic �elds must be evaluated are determined based on the line coordinates, line

discretization, and the lightning striking point.

• Field-to-line coupling: The electromagnetic �elds computation described above neglects

the presence of the line itself. However, these �elds interact with the DL conductors,

inducing voltages and currents in the line. The coupling between the electromagnetic

�elds and the DL conductors is introduced into the model via the Taylor, Agrawal, or

Rachidi models (Smith, 1974; Agrawal et al., 1980; Rachidi, 1993). The solution to this
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(LIGHT-PESTO)

coupling problem is based on the Finite Element Method (FEM) or the second-order Finite

Diferences Time Domain (FDTD) scheme. The result of solving the �eld-to-line coupling

is the determination of the voltages and currents induced at various points along the DL.

The simulations carried out in this work use the LIGHT-PESTO code (Farina et al., 2020) to

calculate the electromagnetic �elds generated by the lightning current and to solve the �eld-to-

line coupling problem using a second-order FDTD scheme of the Agrawal model. The software

features a user-friendly interface in the MATLAB-Simulink environment, allowing for the con-

sideration of various factors such as different channel base currents, soil electrical parameters,

conductor con�gurations, insulator models, grounding models, surge arresters, lateral feeders,

terminations, and more. Additionally, the software automatically distinguishes between direct

and indirect strikes based on the EGM (IEEE, 2011). The main output results provided by

LIGHT-PESTO include the currents and voltages induced on the conductors, across the insula-

tors, and at the grounding level.

Although the LIGHT-PESTO code requires more computational time to perform a single

lightning-induced voltage evaluation compared to analytical approaches, it offers higher preci-

sion and the capability to model detailed aspects of the system. This makes it a more robust

approach for evaluating the LP-DLs.

4.4 Modeling in Lightning Power Electrical System Transient Overvolt-

ages simulator (LIGHT-PESTO)

4.4.1 Lightning Current

The LIGHT-PESTO software incorporates a variety of lightning current models, including

those proposed by Heidler, Cvetic, Javor, Andreotti, and Genova University (Farina et al., 2020).

The model used in the simulations is based on the Heidler �rst stroke, which is characterized

by a single Heidler function (Heidler et al., 1999).

Furthermore, it is possible to include the attenuation characteristics of the current wave

propagating along the discharge channel. Let us assume that the lightning current at timet and

positionz0along the channel (considered vertical) can be represented by (4.6).

I (t;z0) = I (0;t �
z0

v
)u(t �

z0

v
)P(z0) (4.6)
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whereu is the step function,v is the return stroke velocity andP is the attenuation function.

In this work, v is assumed to be half of the speed of light, i.e.,1:5 � 108 m=s, andP is

assumed as a modi�ed transmission line with exponential decay (MTLE model) (Nucci, 1988).

In addition, a vertical lightning channel characterized by a height of8 km is considered.

To account for the random nature of the lightning current waveform, its peak value (I p) and

front time (t f ) are modeled using independent lognormally distributed random variables. The

parameters of the lognormal PDFs are derived from measurements conducted by Berger et al.

(1972) at Monte San Salvatore, with the values detailed in Table 4.1. It is important to note that

these values are recommended by the IEEE (2011) guide.

Table 4.1: Monte San Salvatore parameters used to model the lognormal PDFs of the peak value and
front time of the current waveform.

Parameter Median Value
Logarithmic

Standard Deviation
Peak Current 31:1 [kA] 0:484
Front Time 5:63 [� s] 0:576

4.4.2 Distribution Line

To test the robustness of the proposed methodology, the analysis of LP-DLs is carried out

using two different test cases, which details are presented below.

Test Case A

The �rst test deals with an overhead distribution line characterized by a single conductor

located10 m above the ground as represented in Figure 4.2. The diameter of the single-phase

conductor is1 cm and the line length is6 km, and in this simpli�ed analysis, no poles are

considered. The soil is modeled as uniform, with frequency-independent parameters described

in Figure 4.2.

The line is matched at its terminations by the characteristic impedance given by (4.7).

Considering the parameters of this test case, the characteristic impedance is equal to497:3 
 .

ZCi =
1

2�

s
� 0

"0
log

 
4hi

di

!

(4.7)
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Figure 4.2: Line con�guration of test case A.

where� 0 = 4� � 10� 7 H=m, "0 = 8:85� 10� 12 F=m, hi is the height of the conductor anddi

is the diameter of the conductor.

Test Case B

Test case B consists of a real overhead distribution line with con�guration presented in

Figure 4.3 (IEEE, 2011) . This is a three-phase line of6 km, protected by a shield wire grounded

with a pole span of75 m (IEEE, 2011). The conductors and shield wire diameter equals the

previous case, i.e.,1 cm. Details on the conductor heights and distances from the pole are

described in Figure 4.3.

The soil parameters are the same of Test Case A. The grounding system of each pole is

modeled using a lumped resistance equal to24 
 , which corresponds to the low-frequency

grounding resistance (Mestriner et al., 2021b). Although the literature presents various pole

models, their representation is often neglected in lightning-induced voltage studies. Due to this,

the pole model is not considered, and at each pole the shield wire is directly connected to the

grounding resistance.

This line is also matched at its terminations by self and mutual impedances of the conduc-

tors, calculated using (4.7) and (4.8), respectively.
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Figure 4.3: Line con�guration of test case B. Adapted from (IEEE, 2011).

ZCi;j =
1

4�

s
� 0

"0
log

 

1 + 4
hi hj

(hi � hj )
2 + ( x i � x j )

2

!

(4.8)

wherehi andhj are the heights of thei -th andj -th conductors, andx i andx j are the horizontal

positions of thei -th andj -th conductors with respect to the center of the pole.

The characteristic impedance matrix of this line is presented in (4.9).

ZC =

2

6
6
6
6
6
6
6
6
6
4

507:02 165:15 146:75 166:03

165:15 507:02 174:22 166:03

146:75 174:22 500:46 130:28

166:03 166:03 130:28 513:63

3

7
7
7
7
7
7
7
7
7
5


 (4.9)
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4.4.3 Simulation Parameters

Simulations of the �eld-to-line coupling using the FDTD scheme based on the Agrawal

model require adherence to the Courant stability condition to prevent numerical instability, as

emphasized by Brignone et al. (2019). Accordingly, the simulations are conducted with a time

window of60� s, a time step of10 ns, and a spatial step of9 m.

4.4.4 Disruption Model

As previously discussed, the evaluation of insulation breakdown in DLs due to lightning-

induced voltage is assessed by verifying if the maximum value of the lightning-induced voltage

(Vmax ) is greater than the threshold value determined by1:5 times the CFO. For instance, in Test

Case A, where a single conductor is considered without any poles, the insulation breakdown is

considered to have occurred if the lightning-induced voltage relative to the ground exceeds the

threshold value.

On the other hand, in Test Case B, as it represents a real distribution line, the insulators are

considered at each pole, and they are modeled taking into account their parasitic capacitance.

The value of the parasitic capacitance of each insulator is1 pF. In this case, the insulation

breakdown is considered to have occurred if the lightning-induced voltage across any insulator

exceeds the threshold value.

4.5 Lightning Performance of Distributions Lines using the Monte Carlo

Method

The assessment of the LP-DL using the MCM follows a similar procedure to the one used

in TLs. Three random variables are considered in this work: peak (I p) and front time (t f ) of

the lightning current waveform, and distance (y) from the stroke location to the DL (Borghetti

et al., 2007; Mestriner et al., 2021a). After drawing the random variables, the EGM is applied

to verify whether it is a direct event or indirect. If it is a direct event, the disruption counter

Nd is incremented. Otherwise, the electromagnetic transient is evaluated using LIGHT-PESTO,

and if the maximum induced voltage exceeds the threshold de�ned by1:5 � CFO, the disruption

counterNd is incremented. The LP rate is calculated using (4.10) (IEEE, 2011).
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Fp = 2 � 100� Ng � ymax �
Nd

N t
[
 =100 km=year] (4.10)

where the value2 is applied to consider both sides of the DL;100is a correction factor applied

to Fp to express it in the unit of �ashovers per100 kmof line per year;Ng is the ground �ash

density (GFD), which, similar to the TL study, is considered to be1 
 =km2=year; ymax is the

maximum distance,Nd is the number of insulator breakdowns, andN t is the total number of

simulations.

A �owchart summarizing the step-by-step process of the MCM on the LIGHT-PESTO code

employed in this work is presented in Figure 4.4.

Reducing computational effort can be approached in two ways: i) reducing the computa-

tional time of each simulation, and ii) reducing the number of required simulations. The �rst

approach can be achieved by enhancing computational infrastructure, changing the evaluation

method of the electromagnetic �elds (Napolitano, 2010; Brignone et al., 2020, 2022), or using

analytical approaches for the �eld-to-line coupling methodology, which could lead to reduced

accuracy. Alternatively, the number of simulations can be reduced by introducing new method-

ologies, such as those presented in (Borghetti et al., 2009; Bendato et al., 2016; Napolitano

et al., 2018; Mestriner et al., 2021a; Soto et al., 2022).

Borghetti et al. (2009) presented a heuristic technique to reduce the number of indirect

events simulated in the LIOV-EMTP code (Borghetti et al., 2007). The proposed procedure

involves evaluating a prede�ned number of events characterized by the peak and front time of

the lightning current and the coordinates of the stroke location, then determining the maximum

overvoltage value. Subsequently, circular areas are de�ned around the stroke location and the

two nearest poles. For new events occurring within these areas that satisfy certain conditions,

the induced voltage is not calculated, and the event is assumed not to cause a �ashover. Analyses

of different line con�gurations demonstrated the robustness of the proposed approach, with

observed computational gains of up to70%. However, the accuracy of the methodology is

in�uenced by the initial number of runs and the radii de�nitions of the circles around the stroke

location and poles.

Bendato et al. (2016) proposed two procedures to reduce the computational cost of LP as-

sessment based on a PSCAD platform (Brignone et al., 2017). The �rst procedure involves

de�ning a stopping criterion for the MCM based on the Mean Square Pure Error (MSPE) to
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