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Critical Metrics of the Sk Operator

Flávio Almeida Lemos 1

Ezequiel Barbosa 2

Resumo

Given a smooth compact Riemannian n-manifold (M, g) with positive scalar
curvature, we prove that any complete critical metric of the Lk-norm of the scalar
curvature, has constant scalar curvature.

1 Introduction

Let (Mn
, g), n � 3, be a n-dimensional smooth Riemannian manifold and consider the

functional

Sk(g) =

Z

M

R
k
dVg (1)

on the space of Riemannian metrics on M
n, where k 2 N, Rg and dVg denote the scalar

curvature and the volume for of g respectively. In the case k = 2, Giovanni Catino [4]
proved the following theorem

Theorem 1.1 Let (Mn
, g), n � 3, be a complete critical metric of S2 with positive scalar

curvature. Then (Mn
, g) has constant scalar curvature.

Urging for a more general result, we calculated the first variation of S
k(g), using

derivatives formulas (see [3]) in the direction of h (g(t) = g + th)
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k
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g
R

k�1 � kR
k�1

Ric+
1

2
R

k
g)hdVg.

Remark 1.1 We take h with compact support, such that we can apply the Divergence
Theorem for (2, 0)-tensor.
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Hence, the Euler Lagrange equation for a critical metric of Sk in the direction of h is
given by

R
k�1

Ric�r2
g
(Rk�1) +�g(R

k�1)g =
1

2

R
k

k
g. (2)

By induction, we can proof that

r2
g
(Rk�1)(X, Y ) = (k � 1)Rk�2r2

g
R(X, Y ) + (k � 1)(k � 2)Rk�3

X(R)Y (R). (3)

By (2) and (3)

�gR =

✓
(n� 2k)

2k(n� 1)(k � 1)

◆
R

2 � (k � 2)
|rgR|2

R
(4)

By above equalities; any critical metric of Sk is scalar flat if n is odd, whereas it is either
scalar flat or Einstein if n = 2k.

In this paper we will focus on complete critical metrics of Sk. As for as we know,
complete critical metrics of Sk were not studied yet. Our main result characterizes critical
metrics with positive scalar curvature.

Theorem 1.2 Let (Mn
, g), n � 3, be a complete critical metric of Sk with positive scalar

curvature and k � 2 2 N. Then (Mn
, g) has constant scalar curvature.

Theorem 1.3 Let (Mn
, g), n � 3, be a complete critical metric of Sk with positive scalar

curvature and k � 2 2 N. If n < 2k, then (Mn
, g) is scalar flat.

In particular, from equations (2) and (3), if n 6= 2k , there are no complete critical
metrics of Sk with positive scalar curvature, whereas, every complete 2k-dimensional
critical metric Sk with positive scalar curvature is either flat or Einstein with positive
scalar curvature.
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