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Multiplicity of solutions for Kirchho↵ type equations with
critical growth in R

N
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Resumo: In this presentation, we consider the following Kirchho↵ type problem involving
the critical Sobolev exponent:
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where N � 3, a � 0, b > 0, 1 < q < 2 and �, µ are positive parameters. Moreover,
2⇤ = 2N

N�2 is the critical Sobolev exponent for the embedding of D1,2(RN) in L
p(RN) for

all p 2 [1, 2⇤], and k(x) 2 L
2⇤

2⇤�q (RN) is a positive function.

The problem (1) was first studied by Kirchho↵ [1] in 1883. Kirchho↵ proposed to
study an analogous stationary model of the following extension of the wave equation:
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The presence of the nonlocal term
� Z

⌦

|ru|2dx
�
�u causes great mathematical di�-

culties that do not show up in local equations. Nonlocal equations have been studied by
many researchers, following J.L. Lions [2], who first introduced the functional analysis
framework to investigate the problem. These equations also model biological systems,
in which u describes a process that depends on its mean – for instance, the growth and
movement of certain specific species [3].

Kirchho↵ type equations with critical exponents have stirred the interest of many
researchers following the pioneering work of Alves, Corrêa and Figueiredo [4]. In 2016, Li
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and Liao [5] established results for the existence and multiplicity of solutions for problem
(1) in the case N � 4 and 2  q < 2⇤ (superlinear). In 2018, Li, Liao, and Zhang [6]
studied problem (1) on bounded domains, in the case N � 4, 1 < q < 2 (sublinear) and
k(x) ⌘ 1. They also proved the existence and multiplicity of solutions.

We use a version of the concentration-compactness principle, due to P.L. Lions [7, 8]
and Krasnoselskii’s genus theory [9], to establish the existence and multiplicity of solutions
to the problem (1).

Our results here complement the work of Li and Liao [5] for the case N � 3 and
1 < q < 2. Furthermore, problem (1) can be viewed as an extension of the problem
studied by Li, Liao, and Zhang [6] to R

N , for N � 3. We also demonstrate existence
and multiplicity of solutions in the degenerate case (a = 0), for N � 3, which is rare in
literature.
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