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Nonexistence of blow-up for the generalized
Quasi-geostrophic equations in some level curves scenarios
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Resumo: We analyze finite-time blowup scenarios of locally self-similar type for the
inviscid generalized surface quasi-geostrophic equation (gSQG) in R?, given by

0, +u-V0 =0, x €R?, t>0, )
U= —VL(—A)*HgH, z€R? t>0,

where § € (0,2) is a fixed parameter, § = 6(x,t) is an unknown scalar function, the
operator (—A)™*/2, 0 < s < 2, is the Riesz potential, and u = u(z,t) denotes a velocity
field given by

u(z,t) = C/;P.V./ Ks(x —y)0(y, t)dy, x€R? (2)
R2
where
zt 9
Kps(z) = T x € R*\{0},

and (' is a constant.

For 3 = 0, equation (1) reduces to the vorticity formulation of the 2D incompressible
Euler equations, a model for the evolution of inviscid and incompressible fluid flows in
R2. Whereas for 3 = 1, (1) coincides with the surface quasi-geostrophic equation (SQG),
which models the evolution of surface temperature or buoyancy in certain large-scale
atmospheric or oceanic flows. Besides its physical relevance, the SQG equation has also
received considerable attention due to its strong analytical and physical similarities to the
3D incompressible Euler equations.

We investigate potential finite-time blow-up scenarios for the inviscid generalized sur-
face quasi-geostrophic (gSQG) equation in R? within a more singular framework. In the
hyperbolic case, we extend results established by Cordéba in [1] for the SQG equation,
showing that if the level sets of the active scalar contain a hyperbolic saddle, this saddle
cannot close in finite time. Additionally, we establish conditions that rule out the forma-
tion of sharp fronts and provide estimates for the emergence of semi-uniform fronts. In
the elliptic scenario, we demonstrate that elliptic level curves cannot uniformly collapse
in finite time, thereby excluding the possibility of finite-time blow-up in this setting.
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