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CR Yamabe Flow
on Complete CR Manifold

Flávio Almeida Lemos 1

We present a study of the CR Yamabe flow on complete, strictly pseudoconvex pseu-
dohermitian manifolds. Our analysis is motivated by the search for geometric flows that
preserve the CR structure while deforming the contact form in a controlled way. Using the
parabolic comparison principle for Hörmander-type operators, we construct explicit ODE
barriers that yield two-sided estimates for the evolving Tanaka–Webster scalar curvature.
These bounds provide effective control on the curvature, ensuring uniform boundedness
under natural assumptions.

Let (M2n+1, θ0), with 2n+1 ≥ 3, be a strictly pseudoconvex pseudohermitian manifold,
complete with respect to the Carnot–Carathéodory distance. Consider a smooth family
of pseudohermitian contact forms θ(t) evolving by the (unnormalized) CR Yamabe flow:

∂tθ(t) = −R(x, t) θ(t), θ(0) = θ0, (1)

where R(x, t) denotes the Tanaka–Webster scalar curvature associated with θ(t). Writing

θ(t) = v(x, t)
2
n θ0, we see that the flow preserves the conformal class of θ0. By the conformal

transformation law for the Webster scalar curvature (Jerison–Lee [2]) and the variational
formula along (1) (Ho [3, 4]), one obtains that R satisfies the nonlinear reaction–diffusion
equation

∂tR = (n+ 1)∆bR + R2 on M × [0, T ), (2)

where ∆b is the sub-Laplacian associated with θ(t). Our main result concerns the com-
parison of R with suitable ODE models.

Teorema 1 Let (M2n+1, θ0), 2n+1 ≥ 3, be complete with Carnot–Carathéodory distance
dcc, and let {θ(t)}t∈[0,T ) be a smooth family of contact forms. Suppose R(x, t) is a classical
solution of (2) with bounded initial data R0 ∈ C2(M), and assume R(·, t) remains bounded
on M for every t ∈ [0, T0], T0 < T . (For the argument, it suffices that ∆b is a Hörmander
operator, i.e., a sum of squares of a bracket-generating family of smooth horizontal vector
fields.) Define the ODEs

ϕ′
±(t) = ϕ±(t)

2, ϕ+(0) = sup
x∈M

R0(x), ϕ−(0) = inf
x∈M

R0(x), (3)

on their maximal intervals of existence. Then, for every (x, t) ∈ M × [0, τ) with

τ := min{T, T+, T−}, T± = maximal existence time of ϕ±,

we have the pointwise bounds

ϕ−(t) ≤ R(x, t) ≤ ϕ+(t). (4)

In particular, if ϕ+(0) > 0 then ϕ+ blows up at t∗ = 1/ϕ+(0), and (4) holds on [0,min{T, t∗}).
1Universidade Federal de Ouro Preto,

flavioalemos@ufop.edu.br



From Theorem 1 and the explicit solutions of (3), we deduce the following corollaries.

Corolário 1 (Two-sided bounds) Under the assumptions of Theorem 1, for all t ∈
[0, τ) and all x ∈ M ,

infM R(·, 0)
1− infM R(·, 0) t

≤ R(x, t) ≤ supM R(·, 0)
1− supM R(·, 0) t

,

where the left-hand side is interpreted as 0 if infM R(·, 0) = 0. In particular,

inf
M

R(·, t) ≥ min{inf
M

R(·, 0), 0}, sup
M

R(·, t) ≤ supM R(·, 0)
1− supM R(·, 0) t

.

References: Bony’s maximum principle [1] for the comparison argument; the curvature
evolution (2) from [2, 3, 4].

Corolário 2 (Uniform boundedness) Let R solve (2) with bounded initial data.

1. If supM R(·, 0) ≤ 0, then R(·, t) ≤ 0 for all t ∈ [0, T ); hence R remains uniformly
bounded.

2. If supM R(·, 0) > 0, then R is uniformly bounded on each [0, T0] ⊂ [0, T ) with
T0 < 1/ supM R(·, 0), and

sup
M×[0,T0]

R ≤ supM R(·, 0)
1− supM R(·, 0)T0

.

In particular, the maximal existence time satisfies Tmax ≤ 1/ supM R(·, 0).
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