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This talk aims to describe some dynamical properties of the family of billiard maps
associated with a one-parameter family of curves satisfying the curvature flow or the curve
shortening flow.

This flow was studied in a series of papers by M. Gage and R. Hamilton [1], [2], and
M. Grayson [3] that were published in the late 1980s. These works deal mainly with the
long-time behavior of regular closed plane curves which deform in the direction of the
curvature vectors. The curves generally shrink to a point, but they become increasingly
"round”. This geometrical feature is proved by considering a normalized flow such that
the enclosed area is constant equals to 7. In this case, the curvature converges uniformly
to one. Grayson proved that any simple closed curve becomes convex and then evolves as
a family of convex curves approximating the circle of radius one.

Therefore it is natural to ask what type of changes occur in the billiard maps associated
with this family of curves. In other words, changes in the dynamical properties can be
observed as the curve evolves by the curvature flow.

Billiard maps generally may have very complicated behavior, since it may contain
chaotic regions, the Birkhoff instability regions. On the other hand, billiard on circles
are trivial in the sense that the phase space is foliated by invariant circles and the map
restricted to each circle is a rotation. Hence as the curves evolves the dynamics should
tend to a less (although not monotonically) complicated behavior.

The main result of this paper is analogous to Theorem 1.1 of [4] for homotopically
trivial invariant curves around the elliptic period 2 orbit of the ellipse. The caustics
corresponding to such invariant curves are co-focal hyperboles:

The normalized curvature flow breaks all resonant hyperbolic caustics of the billiard
map on the ellipse.

We also study the bifurcations of another type of periodic orbits, the normal periodic
orbits N P(2n) for a family of ovals satisfying C; satisfying the normalized curve shortening
flow.

Similar to the period two orbits, these periodic orbits start perpendicular to the boun-
dary curve and after some reflections, they hit the boundary again orthogonally. Thus,

!Universidade Federal de Ouro Preto,
josue@ufop.edu.br

2Universidade Federal de Minas Gerais ,
carneiro@mat.ufmg.br

3Centro Federal de Educacio Tecnolégica de Minas Gerais,
carlossalazar@cefetmg.br



after the reflection they return tracing back the same polygonal arriving to the initial
point.

There is a geometric condition for the existence of these orbits in terms of curves
similar to evolutes. We show in Theorem 4.10 [5], that, as the boundary curve evolves by
the curvature flow, these orbits disappear gradually.

In other words, in Theorem we prove:

If X (t, s) is a family of convex curves satisfying the curvature flow, then for any integer
N > 1, there is a real number T' such that, for every t > T, the billiard map associated
with the curve does not have a normal periodic orbit of period 2n < 2N.

This also may be interpreted as the long term breaking of a family of invariant rota-
tional resonant curve around elliptic diameters.
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